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Parity-time (PT) symmetry is a unique space-time reflection symmetry that 
describes the system invariance to the combined parity (P) and time-
reversal (T) operators. The parity operator corresponds to the interchange 
or inversion of spatial coordinates and the time-reversal operator inverts 
the time. PT-symmetry in electronics and electromagnetic systems is 
achieved by combining loss and gain in balanced proportions where loss is 
a conventional positive resistor and gain corresponds to a negative resistor. 
This judicious combination of loss and gain proportions has led to intriguing 
system behavior at exceptional points resulting in exotic wave manipulation 
effects such as non-linear propagation, negative refraction, sub-wavelength 
focusing, unidirectional cloaking and invisible sensors. Although such 
devices have been proposed in theory and proof of concept has been 
presented at low frequencies, practical implementation at microwave 
frequency ranges requires precise control and stability of loss-gain 
components with reduced noise figure. For instance, realisation of a negative 
resistor at microwave frequencies through active devices, such as bipolar 
junction transistors, operational amplifiers and tunnel diodes, is not only 
complex but also prone to instability and high noise figure levels which can 
further restrict the functional design of PT-symmetric devices. In addition, 
studies have shown that noise can break PT-symmetry by disturbing the 
loss and gain balance resulting in performance degradation of such devices. 
In this thesis, non-invasive design of PT-symmetric circuits to manipulate 
the reflection and transmission behaviour at microwave frequency ranges 
has been shown by incorporating an appropriate inductive or capacitive 
impedance while sustaining PT-symmetry. The studies begin with the 




and reactive elements are connected in either series or shunt configurations 
through a transmission line. The scattering parameters, exceptional points 
and eigenvalues for the aforementioned PT-symmetric circuit configurations 
have been shown. The research studies show that the PT-symmetric circuits 
in series or shunt configurations can behave as either, a cloaking structure 
or as a switching device, based on the choice of electrical line length. Studies 
in subsequent sections present the noise characterisation in terms of noise 
figure by incorporating realistic loss and gain circuit elements with 
equivalent thermal noise sources at the exceptional points of the PT-
symmetric systems. It has been shown that noise in a two-port PT-
symmetric systems distorts the location of its exceptional points, resulting 
in system’s performance degradation in terms of increased reflections and 
the input and output port and reduced transmission towards port-2. In 
particular to cloaking applications, it has been shown that increased noise 
figure levels effect the performance of a PT-symmetric cloak by increasing 
its radar cross-section. The simulations have estimated and compared the 
performance of the noisy and ideal PT-symmetric cloak at microwave 
frequency range. Finally, practical implementation and realization of gain 
element in PT-symmetric systems is proposed with simulated and measured 
results.   
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Parity-time symmetry is a unique space-time reflection symmetry which 
was discovered as a weaker condition to Hermiticity. The discovery enabled 
to study and observe new class of systems which may have completely real 
eigenvalues provided that the system is invariant under combined parity 
(P) and time-reversal (T) transformations [1–5]. Real eigenvalues also 
correspond that the system is stable and physically observable. Prior to this 
discovery it was believed that real spectra can only be observed if a 
Hamiltonian is Hermitian [6–7]. Where a Hamiltonian describes the total 
energy of a system. Fig. 1.01 shows the overlapping of non-Hermitian system 
having real spectrum with satisfied PT-symmetric condition. 
 
 Fig. 1.01. Parity-time symmetry can lead to real eigenvalues of a system. 
 
This concluded that Hermiticity is not the only condition to obtain real 
eigenvalues of a system and as long as the PT-symmetric condition 
*( ) ( )V r V r   is satisfied, the non-Hermitian Hamiltonians can also have a 
real spectrum. Here, V describes the potential of quantum system and * 




denotes complex conjugation. The discovery sparked a great surge of 
research efforts in order to further study the new class of PT-symmetric 
Hamiltonians. The concept of a PT-symmetric system is further explained 
in [2] where a simple system has been described with loss and gain coupled 










The system given in Eq. (1.1) is interestingly identical to an eigenvalue 
matrix problem with source and drain that are linked together with some 
coupling factor. Where   and   representing loss and gain respectively 
and   represents the coupling coefficient. In a convenient notation, PT-
symmetric system can be expressed as a loss-gain system coupled together 
with a coupling mechanism as shown in Fig. 1.02.  
 
 
Fig. 1.02. Simple illustration of a gain/loss system. (a) An unstable 
isolated gain system. (b) An unsustainable isolated loss system. (c) Stable 
system with coupled loss and gain. 
It can be noticed that a system with a single gain source is unstable due to 
a growing (unbounded) state of energy. Similarly, a system with a 




standalone loss or a sink source is also unstable because of the decaying 
state of energy. However, if the source and the sink are connected together 
with a balancing/coupling mechanism, the new system is a stable system. 
The growing energy state of the system has been compensated through 
decay or loss, whereas the decaying energy state has been compensated 
through gain. Because the two states have been coupled together, the new 
system is stable.  
Until 2007, PT-symmetry was only limited to quantum mechanics, however 
further research studies confirmed the potential of PT-symmetry in optics 
such as optical waveguides and lattices by incorporating spatial regions with 
optical loss and gain in balanced proportions and by using varying refractive 
indices [8–9]. It has been noted in particular that great amount of research 
studies are being performed in PT-symmetry which have been further 
extended into interesting engineering and electronics publications.  
Fig. 1.03 shows the publication data count on PT-symmetry and it is 
evident that since the initial discovery of PT-symmetry, the amount of 
research activity has grown exponentially over the years with wide ranging 
applications. 
 
Fig. 1.03. Counts of publications on Parity-Time Symmetry. Data source: 
Scopus, publication query service accessed on 26 June 2019. 




Recent research studies have proposed novel PT-symmetric applications in 
acoustics electronics such as unidirectional loss-less acoustic sensors [10–14], 
electromagnetics such as oscillators and waveguides [15–17], photonics such 
as optical isolators and lattices[18–23], mechanical oscillators with loss and 
gain feedback loop to achieve single mode oscillation [24], non-linear 
electromagnetic wave propagation and sub-wavelength focusing such as 
super lensing  [25], active cloaking and invisibility [26–33] and robust long 
range wireless power transfer [34].  
 
 
Fig. 1.04. Notable PT-symmetric applications in recent years. 
 
Fig. 1.04 shows the notable PT-symmetric applications proposed in recent 
years. For instance, [11] showed a unidirectional transparent acoustic sensor 
based on PT-symmetry, where electro-acoustic resonators loaded with loss 
and gain were employed to successfully detect an incoming signal without 




perturbing the incident acoustic signal. Further study in [18] demonstrated 
that a fibre loop mesh network with optically switched loss and gain in 
balanced proportions can achieve unidirectional propagation. Another study 
was demonstrated in [26] where a PT-symmetric Bragg grating with optical 
gain and loss regions was employed to experience unidirectional 
reflectionless propagation. The wave entering from one side of the PT-
symmetric structure gets transmitted towards port-2 without any reflection 
as if the structure is not present, however a wave entering from the port-2 
experiences an enhanced reflection. Another study in [35] showed a non-
invasive technique to detect the change in blood glucose levels by measuring 
the electromagnetic frequency shift through a PT-symmetric system with 
loss and gain. The loss due to the skin is balanced by the equivalent amount 
of gain by a PT-symmetric system and the resonance shift is able to detect 
the blood glucose level without using any skin invasion techniques.  
 
 
PT-symmetry in electronics and electromagnetic systems is achieved by 
judiciously combining loss and gain in balanced proportions through a 
coupling mechanism such as a transmission line or an inductive transformer. 
The loss element simply corresponds to a conventional resistor ( R ) that 
dissipates energy over time whereas the time-reversed version of such 
component already exists in electronic circuits in the form of a negative 
resistor ( R ). Negative resistors does not exists as a standalone circuit 
element however can be engineered through negative impedance converter 
(NIC) circuits with active elements such as transistors, operational 
amplifiers and tunnel diodes. The design complexity and stability of a NIC 
varies depending upon the operating frequency and application 
requirements.  




Research studies have shown that NIC stability is achievable through 
careful design considerations [36]. However, dominant noise inclusion such 
as thermal noise, is a fundamental property of electromagnetic systems 
operating at microwave frequencies and therefore cannot be neglected in a 
practical system. In addition, the realisation of a negative resistor through 
NIC is itself complex, challenging, and is prone to instability and high noise 
figure levels which effectively restrict the application design of functional 
PT-symmetric devices. Further studies in [37] have shown that noise can 
weakly break PT-symmetry hence performance of such devices in practical 
is expected to be degraded up to a certain threshold which is defined by the 
system noise figure. 
Conclusively, it is evident that practical implementation of functional PT-
symmetric devices such as invisibility cloaks [28–30], sensors [11] and other 
devices operating at microwave frequency ranges is an arduous task. The 
realisation of such devices in practical are primarily bottlenecked by 
instability and high noise figure constrains. While a stable system may be 
realised through prudent design considerations, noise would still be a 
fundamental inclusion degrading the performance and therefore requires 
further consideration. 
In context to this thesis, the presented work primarily investigates the noise 
characterisation, modelling and performance of PT-symmetric systems and 
their potential application design. The realisation of such systems at 
microwave frequency ranges has been shown by combining passive (loss) 
and active (gain) elements together in parity and time-reversed pairs 
through a transmission line. Reflection and transmission properties of 
aforementioned systems can be manipulated by incorporating an 
appropriate imaginary impedance in the system while sustaining PT-




symmetry. Application design of a PT-symmetric system exhibiting 
reflectionless unidirectional or bidirectional transmission, unidirectional 
cloaking with reconfiguration and tuning capabilities, EM switches and 
enhanced signal reflectors has been proposed.  
Further, PT-symmetric circuit design configuration in series and shunt 
topologies has been discussed and noise figure has been calculated by using 
analytical and simulation methods. Particularly, for cloaking applications, 
performance of a PT-symmetric cloak has been analysed in terms of radar 
cross-section in realistic environments with various noise levels. Finally, 
practical implementation of gain element for PT-symmetric devices has 
been shown along with simulated and measured results. 
 
 
The fundamental research questions and the contribution to the subject of 
PT-symmetry in microwave electronics has been presented in this section. 
 Novel applications and wave-manipulation effects based on PT-
symmetry have been proposed and demonstrated in optics and 
acoustics. How these concepts can be realized and implemented 
in microwave electronics and at microwave frequencies for novel 
applications. 
 A study in quantum physics has shown that PT-symmetry can 
be weakly broken due to quantum noise. Based on this finding 
and relating this to RF and microwave electronics, can thermal 
noise effect the performance of a PT-symmetric system at RF 




and microwave frequency ranges. If it does, what would be the 
performance levels of PT-symmetric devices and applications. 
 PT-symmetry in optics with has been studied to provide 
unidirectional reflectionless transmission. Can an equivalent 
study be performed in RF and microwave electronics and 
cloaking model can be developed and studied. Further in this 
regards, a noise characterisation may be performed to estimate 
noise figure levels and detection thresholds of a PT-symmetric 
cloaked target. 
 Proposed a non-invasive design technique to manipulate the 
reflection and transmission properties of PT-symmetric circuits 
in microwave electronics. 
 Proposed and presented novel, reconfigurable and scalable PT-
symmetric systems at microwave frequencies to be employed for 
cloaking and switching applications.  
 Performed noise characterisation and performance study of 
aforementioned PT-symmetric applications. The studies have 
been performed using analytical methods, circuit level and full-
wave electromagnetic simulations and measurements. 
 Performed a sensitivity and robustness study of aforementioned 
PT-symmetric systems. And proposed the design of gain element 
using a negative impedance converter. The negative impedance 
converter can be designed as a floating one-port (narrow band) 
or grounded 2-port (wide-band) design by using an op-amp at 
1.5 GHz. 





 presents the fundamental concepts of electromagnetics, negative 
impedance converters and PT-symmetry that form the foundation of the 
research work presented in this thesis. The chapter begins with the 
discussion of time-harmonic electromagnetic fields and discusses the 
fundamental postulates of PT-symmetry in electronics and microwave 
circuits. The chapter further discusses the scattering matrix formulation of 
a PT-symmetric microwave system and then explains the concept of a 
negative impedance converter circuits and their potential design techniques. 
Finally, the chapter discusses about the fundamental noise sources in a 
microwave system and equivalent noise models of active and passive 
elements. 
 presents PT-symmetric circuit design in series and shunt 
configurations and discusses the scattering matrix formulism of the PT-
symmetric systems. It also defines the unique exceptional points in PT-
symmetric system and explains the necessary loss, gain and transmission 
line conditions to achieve such points for unique wave manipulation effects. 
The chapter then discusses the required scattering matrix condition to 
realize unidirectional reflectionless transmission. 
 presents the noise characterisation of the PT-symmetric circuits 
explained in Chapter 3. It discusses the fundamental and dominant noise 
sources in the system that contribute towards the noise figure of the PT-
symmetric systems. The chapter presents equivalent noise models of 
realistic PT-symmetric circuits in series and shunt configurations and then 
estimates the analytical noise figure of each aforementioned design 
configuration. In addition, it also presents the simulation validation of noise 
figure. 




 discusses the potential design application of PT-symmetric 
circuits such as unidirectional or bidirectional cloaking and invisibility, 
radar cross-section reduction and electromagnetic switching. The chapter 
extends the analytical results from Chapter 3 and Chapter 4, and presents 
a full-wave electromagnetic model of a reconfigurable metasurface cloak 
based on PT-symmetry, in series and shunt design configurations. The 
proposed cloaking models can be configured to provide unidirectional or 
bidirectional structural transparency or invisibility through an imaginary 
impedance. The chapter then evaluates the performance of an ideal and 
realistic PT-symmetric metasurface cloak in the presence of various noise 
figure levels and then estimates the radar cross-section in each case. It 
further shows the design of an electromagnetic switch or an attenuator 
based on PT-symmetry.  
 discusses the potential design techniques of a functional gain 
element in PT-symmetric circuits. It presents the realisation of a negative 
resistor through a tunnel diode and operational amplifier. It also discusses 
the performance degradation caused due to uncertainty in the magnitude of 
gain resistor. Finally, it presents further applications of a negative 
impedance converters. 
 discusses, concludes and summarises the research studies 





Fundamental theoretical concepts of electromagnetics and PT-symmetry 
are the core foundation of the research work presented in this thesis. 
The chapter begins with the Maxwell’s equations and then introduces 
the concept of parity symmetry, time-reversal symmetry and combined 
parity-time symmetry in electromagnetics. The chapter then describes 
the concept of negative impedance and the conversion circuits that 
enable the practical realisation of a parity-time symmetric system in 
microwave electronics. Further, the chapter includes fundamental 
concepts of the noise figure for basic circuit elements such as resistors, 
capacitors, inductors, diodes, transistors and operational amplifiers.  
 
 
Maxwell’s equations formulated by James C. Maxwell to describe the 
dynamics of the macroscopic electromagnetic phenomenon [38–39]. These 
equations resulted from the theoretical and experimental work done 
previously by Gauss, Ampere, Lenz, Faraday and various others [40–42]. 
They can be expressed in either integral or differential forms. The integral 
form of Maxwell’s equations provide more understanding of underlying 
physics but they are usually solved analytically for canonical objects [43]. 
Modern computing advantages have made it possible to utilize the 
differential form of these equations to numerically compute the problems in 
both time and spatial domain with high precision.  




Maxwell’s curl equations in differential form are given as 
 











where the description of each quantity along with its units in an SI system 
has been given in table-1. All of these vector field quantities are real 
functions of time and spatial coordinates. For instance, electric field vector 
in Cartesian coordinates can be expressed as  ( , , ; )E E x y z t . Similar 
notation to be followed for other vector field quantities. 
From Maxwell’s curl equations described above, it can be followed that the 
generation of magnetic field  H  takes place in space due to time-varying 
electric flux density  D . Similarly, time-varying magnetic flux density  B  
produces an electric field  E  provided that the space and time dynamics of 
magnetic and electric fields are coupled together. The coupling of these 
fields is related to the macroscopic response of the electric and magnetic 
property of the material which is also known as constitutive relations. 
Maxwell’s constitutive equations in time-domain are given as [40, 44–45]. 
   eJ t E  (2.2a) 
   0 1 e   D t E  (2.2b) 
 B H  (2.2c) 
where   , 0  , 0   and  e  are material dependent electromagnetic 
properties which are stated in table-1 along with their units.  




It is to be noted that * is the time domain convolution operator that is 
defined as 




  f t E t f E t d  (2.3) 
Here in, f t( ) is the time-varying function of  ( )t  and  ( )e t . 
 
Table-2.1. Electromagnetic quantities along with their symbols and units. 
Symbol Unit Name 
E  V/m Electric field vector 
D  C/m2 Electric flux density vector 
H  A/m Magnetic field vector 
B  Wb/m2 Magnetic flux density vector 
J  A/m2 Electric current density vector 
M  V/m2 Magnetic current density vector 
  F/m Electric permittivity 
  H/m Magnetic permeability 
  S/m Electrical conductivity 
e  - Dielectric susceptibility 
 
 
The time-varying curl equations described in (2.1.1) are only valid in a 
continuous medium. However, in the presence of material discontinuity, the 
solutions to Maxwell’s equations can be described by appropriate boundary 
conditions that are dependent on the geometrical structure. The vector field 
response at an interface or a boundary between different materials is 




described by Maxwell’s divergence formulae for the time-varying field in a 
source-free region. These are expressed as follows [42]. 
 . 0 D  (2.4a) 
 . 0 B  (2.4b) 
Applying Gauss’s law to Eq. (2.4a) at an interface or boundary of two 
different media whose electromagnetic properties are denoted by 1  , 1   and
2 , 2   as shown in figure Fig. 2.01, it can be concluded that the normal 
components of electric field density are not continuous and are given by 
mathematical expression as [42]. 
 
1 2n nD D  (2.5) 
where nD  is the normal component of the electric field density. 
Similarly, using Stoke’s theorem it can be shown that the tangential 
components of the electric field are always continuous at the interface [40–
42]. 
 
1 2t tE E  (2.6) 
The boundary conditions for B  and H  can be obtained in a similar way 
and can be given as [40–42]. 
 1 2n nB B  (2.7) 
 
1 2t tH H  (2.8) 
The boundary conditions described here are only valid in a source-free 
interface, therefore the surface current density and charge densities have 
been neglected. Fig. 2.01 shows the boundary conditions of electric and 
magnetic field quantities at the interface of the two different mediums.  





Fig. 2.01. Fields at a general interface between two different mediums. 
 
 
This section discusses the underlying concept of parity-symmetry, time-
reversal symmetry and combined parity-time symmetry. In order to have 
better understanding, it is important to review fundamental postulates, 
concepts and definitions that lead to the realisation of PT-symmetry.  
 
 
The parity or mirror inversion involves the transformation of the 
coordinates such that they are reflected through a certain reference plane. 
Parity transformation flips the sign of an electric field components that are 
normal to the mirror plane however the transverse components remain 
unaffected. On the contrary, the magnetic field components that are normal 
to the plane remain unaffected however the transverse components get 
interchanged.  
To have a physical insight of the parity phenomenon, we consider a case of 
a current carrying loop that produces a magnetic field which is 
perpendicular to the loop, given by the Ampere’s law. The current vector 
of the current carrying loop is effected such that the components normal to 
the reflection plane change their sign but transverse components are 




unaffected. This has been explained in Fig. 2.02 where the normal reflection 
has been shown and we may assume that the magnetic field will obey the 
same transformation rules. However, the application of Ampere’s law on 
current carrying loop implies that this transformation is incorrect since the 
magnetic field is pointing in the wrong direction. 
 
 
Fig. 2.02. (a) Transformation Current carrying loop, (b) Assumption of 
Magnetic field in wrong orientation after parity transformation. 
 
The correct orientation of the magnetic field governed through Ampere’s 
law after the transformation has been shown in Fig. 2.03. It is evident that 
the magnetic field must be transformed in a different manner, unlike the 
standard vectors under the parity transformation. This is because the 
electric field is a polar vector, whereas the magnetic field is an axial vector 
which is a cross product of polar vectors [46–47]. 
 
Fig. 2.03. (a) Transformation of current carrying loop. (b) Magnetic field 
transformation in accordance with Ampere’s law in correct orientation 
after transformation. 




In electronics circuits, parity inversion is related to the circuit topology and 
corresponding circuit elements interchange their coordinates such that 
 x x   (2.9) 
 y y   (2.10) 
 z z   (2.11) 
Therefore parity inversion is relatively simple in electronic circuits in 
comparison with spatial systems. For instance, consider the arbitrary circuit 
schematic shown in Fig. 2.04 which has been transformed using parity (P) 
operator. After the parity transformation, the circuit elements spatial 
coordinates get interchanged i.e. 1 3 R R  and 1 1 C L  
It can be noticed that the element 2R  remains unchanged since it is located 
at the origin of transformation reference. The circuit discussed here does 
not obeys parity invariance. 
 
 
Fig. 2.04. Circuit transformation under Parity (P) operator. 
 
 
Time reversal systems with time-reversal operator t t   would appear to 
run backwards in time. Time-reversal transformation does not affect spatial 
vectors but time dependent spatial quantities would get reversed in such 
that if the time would be running backwards, for instance electric current, 










   

 (2.12) 
Time-reversal transformation implies that the time-variance with respect to 






J J  . The magnetic field is also time dependent hence it implies that







     

 (2.13) 
In other words, reversing the current vector also reverses the magnetic field 
vector. Similarly other field quantities transformation under time-reversal 
operation would be transformed such that  t t   . 
 
 ( , ) ( , )E r t E r t   (2.14a) 
 ( , ) ( , )D r t D r t   (2.14b) 
 ( , ) ( , )J r t J r t    (2.14c) 
 ( , ) ( , )H r t H r t    (2.14d) 
 ( , ) ( , )B r t B r t    (2.14e) 
 
Similarly, the constitutive parameter would be transformed under time-
reversal by replacing the time invariance as negative such that  t t   . 
    , ,r t r t    (2.15) 
    , ,r t r t    (2.16) 




Frequency and time-varying parameters are related to each other by Fourier 
transform which implies that a variable ( , )F r   which undergoes a 
transformation of t t   would essentially be equivalent to * ( , )F r  . 
Hence, in the frequency domain, we have following relationship [48–49]. 
    , ,E r E r   (2.17a) 
    , ,J r J r   (2.17b) 
    , ,H r H r   (2.17c) 
Time reversal in electronics effectively reverses the sign of resistive 















  (2.20) 
We can take a simple example of Ohm’s law, for instance, we have 
     .V t I t R  (2.21) 
The flow of charge is a time dependent quantity and it can be expressed as 
/dQ dt  which would resultantly give current. In a time-reversal 
transformation, it the current can be written as  
where  
 / ( ) /dQ d t dQ dt    (2.22) 
This further implies that 
 /dQ dt I   (2.23) 




Or in a simple notation we can write Eq. (2.21) after time-reversal 
transformation as 
 V IR   (2.24) 
The current in the conventional positive resistor in forward time 
corresponds to energy dissipation. However, after time-reversal 
transformation it would imply that that the current direction is reversed 
which means that energy is being drawn from the resistor. In electronic 
circuits, such a resistor is known as negative resistor which is realised by 
the means of negative impedance converters (NIC).  
 
 
Parity-time (PT) symmetry was originally presented in quantum 
mechanics, hence it is important to review basic fundamental definitions 
that lead to the understanding of PT-symmetry. 
In quantum mechanics, Hamiltonian (H) operator describes the total energy 
of a particle in the system as a function of its position and momentum [51–
52].  
  2ˆ ˆH p V x   (2.25) 
Here, p̂  denotes the linear momentum and V  describes the potential energy 
function. It follows that if the potential function  V x  is a real function in 
space, then the energy of the Hamiltonian is real and measurable. In other 
words, if the Hamiltonian Ĥ  is Hermitian † H , the energy states associated 
with the Hamiltonian are also real. 
 †Ĥ H  (2.26) 
where the Hermitian is an adjoint matrix operator which corresponds to the 
transpose and complex conjugation.  




Bender and Boetcher showed in [3–4] that although Hermiticity sufficiently 
describes all the possible energy states, is not the only condition for a 
Hamiltonian to have real energy. Further it was shown that a weaker 
condition can enable the Hamiltonian to possess real energy function, which 
is Parity-Time (PT) symmetry [3–6] and such a Hamiltonian would be 
invariant under combined PT transformation.  
  ˆ ˆPT H TP H  (2.27) 
where  P is the Parity operator that interchanges the spatial position and 
T  is time-reversal operator that inverts the time.  
Systems that are invariant under combined Parity-Time (PT) symmetry 
are regarded at PT-symmetric systems. For instance, consider the Fig. 2.05 
shown where loss and gain are coupled together. Since parity-transformation 
corresponds to the interchange of spatial coordinates, loss and gain are 
interchanged. Similarly, time-reversal corresponds to the state of the system 
as if the time would be running backwards, therefore the system regains its 
original state after the combined transformation of parity and time-reversal 
operations. 
 
Fig. 2.05. Combined PT-symmetry transformation on a system with loss 
and gain coupled together with a coupling mechanism. 





A PT-symmetric system can be realised through a combination of loss and 
gain that are coupled together through a coupling mechanism. In electronics 
and electromagnetics circuits, the coupling may correspond to a simple 
transmission line combing gain and loss, or in a complex domain may 
correspond to a mutually coupled inductive transformer.  
In electronics, electromagnetics and RF circuits, loss and gain elements can 
be realised as positive and negative impedances that can be incorporated in 
series/shunt configurations with satisfied parity and time-reversal 
conditions. For instance, a parity operator switches the spatial coordinates 
of both impedances, and time-reversal operator will interchange positive 
impedance (loss) and negative impedance (gain). Under the combined 
transformation of parity and time-reversal operations, if a circuit remains 
invariant then it would be regarded as PT-symmetric circuit.  
According to PT-postulates described in (2.2.4), the PT-symmetric system 
must only be invariant under combined parity and time-reversal operations 
but should not be invariant under individual parity or time-reversal 
transformations [50, 53]. Fig. 2.06 shows a simple circuit where two lumped 
impedances 1Z  and 2Z  are connected together through a transmission line 
of length kd  in series configuration. 
The two impedances are modelled such that 1Z  is positive and 2Z  is 
negative, to respectively incorporate loss and gain in the system. Under the 
parity (P ) transformation the two impedances swap their spatial 
coordinates such that  x x  ,  y y   and  z z   [32]. Therefore, after 
a parity-transformation, the impedances 1Z  and 2Z  interchange their 
respective coordinates as shown in Fig. 2.06. 





Fig. 2.06. A simple electronic circuit under parity-reversal operation with 
loss and gain impedances connected together through a transmission line. 
 
Applying time-reversal operation on the parity-reversed system would 
change the signs of the resistive impedances, however the imaginary part of 
the impedances do not change. Applying time-reversal operation on the 
parity-reversed circuit shown in Fig. 2.07 will correspond that the gain 
impedance 2Z  becomes loss and the loss impedance 1Z  gets transformed 
into gain. Therefore under combined parity and time-reversal operations 
the circuit reinstates its original form. Hence, it can be concluded that the 
circuit shown is PT-symmetric because it is invariant under combined 
parity and time-reversal operations. To have a physical insight of the 
reflection and transmission behaviour, the subsequent section discusses the 




Fig. 2.07. The circuit shown in Fig. 2.06 undergoing a time-reversal 
operation. The resistive impedances flip their signs under time-reversal 
operation. The circuit is PT-symmetric because it is invariant after the 
combined transformation of parity and time-reversal. 





In microwave engineering scenarios, it is convenient to express the system 
reflection and transmission properties in terms of its scattering parameters. 
Consider Fig. 2.08 where the schematic of a two-port microwave network 
has been shown. The incoming and outgoing waves at port-1 are represented 
by 1a  and 1b  respectively. Similarly, incoming and outgoing waves at port-
2 are described by 2a  and 2b  respectively.  
 
Fig. 2.08. Schematic illustration of a two-port microwave scattering 
system. 
Following the scattering matrix formulism for a two-port microwave 
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 (2.30) 
where  






















We assume that the network is invariant under combined transformation 
of parity and time-reversal operations and hence is PT-symmetric. 
Therefore, the system described in Fig. 2.08 can be redrawn after PT 
transformation as shown in Fig. 2.09. 
 
Fig. 2.09. The two-port microwave scattering system after PT-
transformation. 
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 (2.32) 




PTM M M    (2.33) 
If the PT-symmetric is reciprocal then the forward and reverse transmission 
are equal i.e. 12 21M M  and by following Eq. (2.33) we can write 
1M   
Using above expression it can be followed that [54] 





11 22M M  
Using these relationships, the transmission matrix in Eqs. (2.31) can be 










where B and C are transmission coefficients and are always real numbers. 
The each parameter in the transmission matrix can be expressed in terms 




























   (2.38) 
 
The determinant of a transmission matrix for a PT-symmetric system has 






   (2.39) 
Solving Eq. (2.39) and substitution from Eqs. (2.35)–(2.38) further yields 
following expression [54-57] 
 2 *21 11 221 S S S   (2.40) 
From Eq. (2.40) it is evident that when the transmission becomes unitary, 
the product *11 22S S  must be zero, which further leads to the conclusion that 




one of the reflection coefficients from either input ports must be equal to 
zero [54–57]. 
To have a further insight of this exciting phenomenon, consider the 
schematic of the circuit from section 2.2.4 in Fig. 2.10 where a two-port PT-
symmetric system has been shown with incident and reflected waves. The 
two lumped resistors have been connected together through a transmission 
line of length  kd . In order to satisfy PT-symmetric conditions, the two 
resistors are defined such that their magnitudes are opposite to each other 
corresponding to loss and gain. A dimensionless non-Hermiticity parameter 
r  is introduced to define the resistors in terms of characteristic line 
impedance such that 1 0R rZ  and 2 0 R rZ  .  
It is to be noted that a lossy resistor is a conventional positive resistor (loss) 
drawing energy from an electronic circuit. Whereas, to have time-reversal 
symmetry, negative resistor (gain) is employed in the system which provides 
energy to the system. For the purpose of brevity, we have chosen ideal 
lumped models of both resistances.  
 
 
Fig. 2.10. Schematic of the two-port PT-symmetric system modelled as 
two lumped resistors with a transmission line such that 1 0R rZ  and
2 0 R rZ  . 
The point of interest is to define the PT-symmetric system in terms of its 
reflection and transmission properties or scattering parameters. The 




scattering parameters are found by cascading the transmission or ABCD 
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Such a matrix satisfies the PT-symmetric condition 1( *) ( )PTS PT S   
[55]. Further discussion of unitary transmission and zero reflection 
coefficient has been performed in the subsequent sections where the 
application of PT-symmetric exceptional points have been discussed for 
unidirectional reflectionless transmission. 
 
 
The relationship between incident, transmitted and reflected waves is well 
described by the scattering matrix notation. The formulism has been 
previously discussed for PT-symmetric systems in section 2.2.5. This section 
will focus on the investigation of the spectral properties of the scattering 
matrix of PT-symmetric system described earlier in Fig. 2.10.  
For a linear passive system with no loss and gain, the scattering matrix is 
given as unitary [58]. 
 † 1S S   (2.42) 
where †  denotes transpose and complex conjugation operation.  
This also implies that the eigenvalues of a linear, passive system are 
unimodular i.e. 
 1   (2.43) 




Therefore, the power of a linear and passive system is conserved with no 
net amplification or dissipation which can be conveniently regarded as the 
law of energy conservation. 
Since PT-symmetric systems employ loss and gain, the spectral behaviour 
is non-trivial and the system may undergo a phase transition i.e. from a 
power conservation phase to non-power conversation phase. This phase 
transition of PT-symmetric system can be manipulated through loss and 
gain proportions. The point at which the phase transition of PT-symmetric 
systems occur are known as exceptional points (EP) and because the 
transition is unique, EP have been studied to provide reflectionless 
transmission, unidirectional cloaking and invisibility, lasing and more. 
For convenience, the scattering parameters of the schematic shown in Fig. 
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It can be readily concluded that the system exceptional point is located at
2r  , because the substitution would yield a zero input reflection 
coefficient regardless of the electrical line length. Using an arbitrary 
frequency the magnitude of scattering parameters at the exceptional point 













It can be noticed that the transmission coefficients are unitary and equal 
due to reciprocity and by following Eq. (2.44) we can verify that reflection 
coefficient at port-1 has indeed vanished at exceptional point. However, the 
reflection coefficient seen at port-2 is non-zero and is higher than unity 
which describes that an impinging wave at port-2 would experience a very 
strong output reflection coefficient due to the gain resistor. 
To have further understanding and to verify the analytical results of the 
PT-symmetric circuit described earlier, we have carried out a lumped circuit 
element model simulation in a commercially available RF circuit simulator. 
The schematic has been shown in Fig. 2.11 followed by the simulated 
scattering parameters plot in Fig. 2.12. 
 
Fig. 2.11. Circuit simulation setup in Keysight ADS.  The two resistors 
are chosen such that their impedance is twice to that of the characteristic 
line impedance to reach the exceptional point. 
 
 
Fig. 2.12. Simulated s-parameter plot of the PT-symmetric circuit. 




The simulated circuit model confirm the analytical results described in Eq. 
(2.44). The transmission line model shows that the reflection coefficient at 
port-1 vanishes at the exceptional point at  2r  . While the transmission 
towards port-2 is unity, the output reflection is calculated to be four times. 
This is because the wave entering from port–2 faces the active element 
2 0R rZ   and hence experiences enhanced reflection. 
From a practical design and implementation perspective, it is to be noted 
that the reflection and transmission coefficients in the aforementioned 
system are fixed at the exceptional point and cannot be manipulated in any 
fabricated PT-symmetric circuit. Therefore, the design of a PT-symmetric 
circuit with the ability of reflection and transmission manipulation is 




The scattering parameters of the PT-symmetric system described in Fig. 
2.11 show that the transmitted wave to port-2 undergoes phase advance 
equal to the electrical line length,  a property which has been studied in [25, 
59] for negative refraction and super-lensing. The phase advance of the wave 
is caused due to the backward phase velocity, maintained by the active 
metasurface and directed towards the passive metasurface. By examining 
the scattering parameters, we find that this is indeed the case. The 
scattering parameters at an exceptional point of 2r   are given as follows 
which show that the incident wave is fully transmitted through the 
structure with a phase advance equal to  x . 


















To have a further insight to this phenomenon, we have performed full-wave 
electromagnetic simulations using COMSOL Multiphysics RF module in 
frequency domain for the schematic shown in Fig. 2.11 with loss and gain 
metasurfaces separated by a simple transmission line.  
The simulation setup for the full-wave model has been shown in Fig. 2.13 
where a plane wave with an amplitude of 1 V/m is incident from port-1 at 
the pair of loss and gain metasurfaces. The equivalent lumped element 
circuit schematic has been shown in Fig. 2.11. The loss and gain resistors 
are given as 
1 02R Z   
2 02R Z   
 
Fig. 2.13. Equivalent full-wave electromagnetic simulation setup for the 
schematic shown in Fig. 2.11. The lumped resistors with loss and gain are 
modelled as an ultrathin metasurface with loss and gain respectively. 




Fig. 2.14 shows the time-snapshot of the z-component of the incident 
electromagnetic wave on the metasurface pair undergoing negative 
refraction. The power flow is represented by the black Poynting vectors. 
 
Fig. 2.14. Time snapshot of a plane wave incident at 30 degrees on PT-
symmetric metasurfaces with loss and gain respectively. The backward 
power flow is sustained by the active metasurface on the right. 
 
Similar phenomenon is noticed for an incident Gaussian beam at loss and 
gain metasurface pair which has been shown in Fig. 2.15. 
 
 
Fig. 2.15. Time snapshot of a Gaussian wave incident at an angle of 30 
degrees on PT-symmetric metasurface undergoing negative refraction. The 
backward power flow is being sustained by the active metasurface on the 
right. 




It is also to be noted that the simulations have been performed in an ideal 
and loss-free domains where the system losses and fundamental noise 
sources have not been considered. 
 
 
We have described in earlier sections that the PT-symmetric systems are 
composed of loss and gain elements that are coupled together by some 
coupling mechanism. In electronic and microwave circuits, the realisation of 
loss element simply corresponds to a conventional positive resistance in 
which is also a power sink, attenuation or a loss element. The gain element 
is chosen such that it satisfies parity and time-reversal conditions described 
in section 2.2.1, 2.2.2 and 2.2.4. Therefore, an element satisfying parity and 
time-reversal operators is a negative resistance which does not occurs as a 
standalone circuit element however can be artificially engineered by the 
means of negative impedance converters (NIC) and hence requires further 
attention. One may suggest an amplifier as a potential gain element since 
PT-symmetry is composed of equal proportions of loss and gain. It must be 
noted that the parity and time-reversal operations are not applicable to 
amplifiers due to the reasons that they are unilateral devices which provide 
gain in a single direction only. Further, the time-reversal operations are 
performed only on resistive impedances as studied in [13–14]. Therefore, 
positive and negative impedances are the most appropriate loss and gain 
elements in designing and implementing PT-symmetric systems. 
Negative resistance is an uncommon property that occurs in a limited 
number of non-linear electronic components such as in tunnel diodes, Gunn 
diodes or by the means of a negative impedance converters. The negative 
resistance means that the slope of the voltage-current /V I   is less than 




zero or negative. A negative impedance converter is an active two-port 
device which takes the DC power applied to it and utilizes it to amplify the 
input AC signal at a particular frequency. In microwave engineering, this 
process is usually performed using bias-tee which combines the input AC 
and DC signals at input and output device terminals. In a negative 
resistance region, the current decreases as the voltage is increased resulting 
in a behaviour known as a negative differential region. For instance, a tunnel 
diode can be biased at a specific voltage to operate in the negative 
differential region and an AC signal at the input port can be seen inverted 
at the output. Due to high non-linearity, negative resistance rapidly varies 
with respect to the biasing voltage and hence the negative differential region 
can only be viewed over a limited range. Unlike conventional resistors 
providing positive resistance at all current ranges, negative resistance is 
realized through active components and circuitry such as transistors, 
operational amplifiers or through negative differential diodes. These are 
based on voltage or current inversion techniques resulting in an overall 
negative current-voltage slope. The upcoming section discusses the design 




The concept and design of a negative impedance conversion circuit was first 
proposed in 1950 which was composed of vacuum tubes and BJTs [60–61]. 
The primary purposed of these NICs was to provide resistive gain to 
overcome the losses in telephone lines. In 1953, Linvill presented voltage 
inversion based NIC design which was composed of cross coupled 




transistors. Because of non-ideal behaviour the performance of these NICs 
was poor and a compensation network was required which was proposed by 
Larkey [62]. Larkey also defined the ideal negative impedance converter as 
an active two-port device whose impedance present at port-1 is exactly 
negative of that of port-2. Until late 1960, the concept of NIC was well-
known in engineering and electronic applications however, the usability was 
primarily restricted due to the instability, primarily at high frequency 
ranges. NICs are able to invert real and imaginary impedances such that 
R R   
L L   
C C   
Negative impedances can be realised for interesting applications in 
communication and RF microwave electronics. For instance, electrically 
small antennas are a solution to the constraints of space limitation but at 
a reduced size, they exhibit high reactance and small radiation resistance 
hence possessing poor gain, low bandwidth and limited efficiency. 
Conventional antenna matching techniques usually employ an inductor to 
cancel the reactance of ESAs but only at a single frequency. On the 
contrary, a negative capacitor implemented through NIC can cancel the 
capacitive reactance of a small antenna over broadband frequency range, 
effectively bypassing the fundamental gain-bandwidth limitations with a 
smaller size. A more detailed discussion of NIC based ESA have been 
performed in section-6.3. At present, the design and implementation of a 
stable NIC at microwave frequency ranges is challenging and hence 
fundamental design concepts have been discussed in this section. 




The NIC design is primarily categorized into voltage or current inversion 
techniques. The voltage inversion NICs are primarily designed using BJTs 
and operate by inverting the voltage to realize a negative impedance. 
Similarly, a current inversion NIC consists of op-amps that invert the 
current to realize negative impedance. Another approach to realize negative 
impedance is through a resonant tunnel diode (RTD). Typically at low-
frequency ranges op-amp or transistor based NIC is suitable whereas RTD 
enables the NIC design at frequency ranges up to THz. RTD based design 
approach enables the low profile and wide operating frequency range of NIC. 
The aforementioned design techniques to realize negative impedance have 
been discussed in this section.  
 
 
The transistor based NIC design was proposed by Linvill [60] for current 
and voltage inversion to provide negative impedance across the terminals. 
Linvill’s design is composed of two cross-coupled BJTs such that their 
emitter terminals are connected with the input port whereas the collector 
terminals are connected with the output port or load as shown in Fig. 2.16. 
 
Fig. 2.16. Equivalent voltage-current relationship diagram for Linvill’s 
NIC. 




The collector current of first transistor is fed to the base of the second and 
vice versa. This configuration has been known as open-circuit model 
however, other configurations such as short-circuit model are also defined 
in which collector and emitter terminals of the BJT’s are connected with 
input and output load respectively. The biasing network for the circuit is 
designed by using dc blocking capacitors such that it remains isolated from 
the RF input-output path to avoid interference. In theory, all of the current 
flows to the collector and then gets cross-coupled back to the transistor base 
terminal resulting in a voltage inversion across the load. The Linvill’s open 
circuit schematic has been shown in Fig. 2.17. 
 
Fig. 2.17. Linvill’s open-circuit stable NIC design based on cross-coupled 
BJTs with port-1 as input and port-2 as output/load. 
The low resistance present at the emitter base causes the majority of the 
current to flow through the collector. The current 1I  is then cross-coupled 
back towards the base of the transistor causing the voltage inversion across 
the load. The variable resistor enables to achieve the stability of the biasing 
point at a required negative impedance. 
The schematic shown in Fig. 2.17 can be redrawn with the equivalent T 
circuit models of the two transistors with their emitter, base and collector 
resistances as  er , br  and cr  respectively. The large current gain   is the 
ratio of the collector and the emitter currents whereas the collector terminal 




is modelled as a parallel combination of the current source and collector 
resistance. The biasing current impedance and the DC blocking capacitors 
are represented as gZ  and dZ  respectively. With the redrawn schematic 
with equivalent circuit models shown in Fig. 2.18, we can write the junction 
voltages as 
 1b a eV V I r   (2.45a) 
 1(1 )c b bV V I r    (2.45b) 
 1 1(1 )d e bV I r I r    (2.45c) 
 
 
Fig. 2.18. Equivalent circuit model of Linvill’s open circuit stable negative 
impedance converter. 
The current xI  can be calculated through the potential difference between 










  (2.46) 
Substituting the values of cV  and dV  from Eq. (2.45b) and Eq. (2.45c) yields 
 









  (2.47a) 
The current through the feedback path are given as 




 1(1 )y xI I I    (2.47b) 
 1z yI I I   (2.47c) 






























    (2.48b) 
Another way to calculating zI  is by applying Kirchhoff’s voltage law on the 
loop as 
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  (2.48c) 
Comparing Eqs. (2.48b) and (2.48c) for zI  and substitution of yI  from 
(2.48a) can yield the impedance seen at the input terminals as 
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where PZ  is the parallel equivalent of AZ  and  2( )g dZ Z . Also it can be 
noticed that the capacitor acts as a short circuit at high frequencies with a 
negligible impedance close to zero. The Eq. (2.49) can be simplified a 
 2 (1 )2 (1 2 )in e b PZ r r Z       (2.50) 
It is noticed that the transistor current gain   is frequency dependent and 












It can be followed from Fig. 2.19 that the transistor with a high cut-off 
frequency  cf , would result in a flat negative impedance, therefore the 
transistor choice in designing negative impedance circuits is critical. Fig. 




2.19 shows the cut off frequencies of various transistors. For instance, a 
transistor with a cut of frequency of 10 GHz would provide a negative 
impedance circuit operation at a frequency of up to 1 GHz which is 1/10th 
of the cut-off frequency. 
 
Fig. 2.19. Input impedance plot of various transistor’s cut-off frequency. A 
flat negative impedance is achieved using transistors with high cut-off 
frequency levels. 
A BJT based NIC works on the principle of voltage inversion, whereas the 
current remains unchanged and since the loop gain and bandwidth product 
is constant, the BJT based NIC design can allow a smaller bandwidth for a 
UHF and VHF frequency operation. However, the downfall comes in the 
form of uncertainty in defining the poles and zeroes of the NIC circuit which 
results in instability and difficulty of implementation. 
 
 
In the previous section, the voltage inversion NIC approach was discussed 
using Linvill’s BJT design for open circuit stable design. Another approach 
to realize a negative impedance circuit is by the means of current inversion 
which is performed by using operational amplifiers (op-amp). The primary 
advantage of using this approach is stability because the poles and zeroes 




of the NIC system are defined much precisely as compared to the transistor 
based design. Further, operational amplifiers are readily available as surface 
mount chip packages that are more immune to parasitic losses and hence 
offer better stability. However, the design flexibility using operational 
amplifiers is limited due to the package solution and positive feedback loop 
which also limits the operational bandwidth of the NIC. The schematic of 
an op-amp based NIC has been shown in Fig. 2.20. 
 
Fig. 2.20. Op-Amp based current inversion NIC circuit. 
Since the op-amp based approach is based on the principle of current 
inversion. The node equation is given as 
 L LV V I Z    (2.52) 
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Substituting the values of inV  and inI  from Eq. (2.52) and Eq. (2.54b) yields 









    (2.55) 
The negative impedance achieved in this op-amp circuit is due to the 
inverted current through the load  LZ . A breadboard based design for the 
current inversion was implemented at 10 MHz frequency and analysed 
through an oscilloscope. The input and output voltage plot have been shown 
in Fig. 2.21. 
 
Fig. 2.21. Input voltage measurement across op-amp with a load of1000   
at 10 MHz. 
The operational bandwidth is very limited in this case which restricts the 
usability of op-amps at higher frequency ranges.  Fig. 2.22 shows the output 
voltage measurement and it can be seen that the current waveform went 
under inversion with a phase change of 180 degrees. 
 
Fig. 2.22. The output current undergoes 180 degrees phase change 
resulting in negative impedance. 





Tunnel diode is a semiconductor device which is based on the principle of 
quantum electron tunnelling and is capable of very fast switching operation 
with an operating frequency ranges of up to THz. It was first invented by 
Leo Esaki in 1957 [63]. A high conductivity, heavily doped two terminal P-
N junction enables charge carriers to punch or tunnel through the junction 
by a process known as quantum tunnelling. With a small forward bias 
voltage, the current continues to increase until its peak value  pI  and first 
positive differential region (PDR) is observed.  
 
 
Fig. 2.23. Voltage-current behaviour of a tunnel diode. A small biasing 
voltage results in large tunnelling current exhibiting first positive 
differential resistance region. After reaching peak biasing voltage the 
tunnelling current rapidly falls resulting in NDR. After reaching valley 
voltage second positive differential resistance (PDR) region is observed. 
 
When the tunnelling current reaches its maximum, very few unoccupied 
states are left in the p-type semiconductor and with a further increase in 
the biasing voltage, a reduced current and an inverse voltage-current 




relationship is observed until the current reaches its lowest point known as 
valley current  vI  at a valley voltage of  vV . This negative differential region 
results in negative impedance. Further increasing the voltage allows the 
normal current to flow and second PDR is observed. Fig. 2.23 shows general 
current-voltage characteristics of a tunnel diode. 
A resonant tunnelling diode (RTD) is a variant of a tunnel diode based on 
double-barrier quantum-well (DBQW) structure. DBQW consists of a low 
band-gap quantum well material which is sandwiched between two high 
band-gap barriers. The barriers are the surrounded by emitter and collector 
as shown in Fig. 2.24. 
 
 
Fig. 2.24. RTD structure with the emitter, collector and double-barrier 
quantum-well. The resonant energy levels of the electrons enables them to 
tunnel through the double-barrier. 
 
In the absence of forward bias on the collector, the current flow is zero 
because the electrons cannot tunnel through the double-barrier from the 
emitter to the collector side. With a small bias voltage, the electron from 
the emitter starts to accumulate near the barrier and only a small number 
are able to reach their first resonant energy level and hence tunnel through 
the double barriers. This results in a small current and as the biasing voltage 
is increased, the current increases. Further increasing the voltage results in 
a greatly reduced current which produces the negative differential region 




(NDR). A study in [64] showed that a fabricated RTD sample L939F 
exhibits NDR up to a frequency of 7 GHz at a biasing voltage of 2.75 V. 








Research advancements have accelerated the use of applications beyond the 
UHF and VHF frequency bands. Modern NIC design techniques are 
primarily based on the Linvil’s proposed design and are implemented as 
surface mount transistors [65–68]. For instance, a NIC design was proposed 
and measured to provide negative resistance and inductance in VHF/UHF 
frequency range in [69]. The design was based on Linvill’s open-circuit stable 
topology implemented as a CMOS integrated circuit utilizing a very low 
power of 5 mW.  
A photograph of the micro-integrated circuit has been shown in Fig. 2.26, 
followed by measured and simulated results in Fig. 2.27. 





Fig. 2.26. Photograph of the fabricated NIC with the red box showing its 
location [69]. 
 
Fig. 2.27. Measured negative inductance and resistance of the NIC [69]. 
 
A comparison of various design implementation techniques for NIC circuits 
has been summarised in the table-1. It can be noticed that although BJT 
based NIC offers advantages in terms of cost and ease of fabrication, it 
suffers from stability issues which arise due to the feedback loop and nature 
of the design. Similarly, the op-amp based design is fairly simple and low 
profile with a low frequency range. A much modern and stable approach 
with a frequency support of up to THz range is based on resonant tunnel 
diode however the associated cost in terms of fabrication are high.  
Considering the design of PT-symmetric systems at microwave frequency 
ranges and the thermal noise generated due to active NIC circuitry, the PT-
symmetry can be rendered broken due to the increased noise figure of the 
system. The BJT based design has two active components that are a source 




of thermal and shot noise. On the other hand, RTD or an op-amp based 
NIC would only have one active circuit component therefore a reduced noise 
figure. Further discussion has been made in the upcoming section where the 
primary noise sources of active and passive systems have been identified 
and the noise figure of the system has been estimated. 
Table 2.2: Comparison between various design approaches for NIC. 
 
0.1 1  GHz <40 MHz 1 2  GHz 
Complex Simple Simple 
High Moderate Low 
Large Small Small 
High Low Very Low 
2 1 1 
High High Low 




Noise in any electronic system in unavoidable on all temperatures exceeding 
absolute zero. Noise originates due to the random flow of charge carriers 
resulting in the voltage and current fluctuation and the intensity of these 
random fluctuations varies from different electrical networks, devices and 
operating environments. The noise at the output of an electrical network is 
a superposition of various noise sources. In microwave networks, noise is 
passed on from the external or background sources or is generated within 




the system itself due to active and passive circuit elements. The need to 
measure the noise figure of a system is to minimize the noise generated in 
the network and to ultimately determine the minimum performance 
threshold that a system can exhibit. An alternative approach to reduce the 
noise in a system could be an increase in the signal power. This would result 
in an improved signal-to-noise ratio (SNR) but such methods are complex 
and expensive and are therefore not very feasible. Hence, controlling the 
noise generated in the system itself is the most appropriate option. 
The notable noise sources in active and passive systems are thermal noise, 
shot noise and flicker or  1 / f  noise. In order to minimize the noise of the 
system, it is important to develop equivalent noise models that contain 
dominant or all noise sources. These equivalent noise models are developed 
for a particular device type for instance, resistors, capacitors, inductors, 
BJTs, op-amps and diodes, and consist of a noise source in conjunction with 
ideal noiseless devices.  
In this section, noise sources in a microwave system and circuit elements 
have been discussed. These include thermal noise, shot noise and flicker 
noise. In the later sections, equivalent noise models for basic circuit elements 
have been shown which include passive (loss) and active (gain) elements 
such as resistors, capacitors and inductors, BJTs, op-amps and diodes. 




Thermal noise is generated due to the random motion of charge or charge 
carriers above all temperatures exceeding absolute zero. This noise is also 




known as Johnson noise because this was proved experimentally by J. B. 
Johnson in 1928 [70]. According to Johnson; 
 
“Statistical fluctuation of electric charge exists in all conductors, 
producing a random variation of potential between the ends of the 
conductor. The electric charges in a conductor are found to be in a 
state of thermal agitation, in thermodynamic equilibrium with the 
heat motion of the atoms of the conductor. The manifestation of 
the phenomenon is a fluctuation of the potential difference between 
the terminals of the conductor”. 
 
A non-ideal resistor at room temperature will have random voltage 
fluctuations across its terminals. The voltage exhibits zero average value 
however the root mean square (rms) value is non- zero. According to 










where,   
h = Plank’s constant. 
k = Boltzmann’s constant. 
T = Room temperature in Kelvins (K). 
B = Bandwidth in Hertz. 
f = Frequency in Hertz. 
R = Resistance in Ohms. 
At microwave frequencies, the term 1
hf
kTe   approaches to 
hf
kTe  and the Eq. 
(2.56) can be written as 
 4resistorv kTBR  (2.57) 





The flow of electric current is not continuous, instead it is delivered to the 
electrical network in the form of small amounts which is equal to the charge 
on an electron. Shot noise originates through the current flow and is 
associated with random variations and fluctuations in the number of charge 
carriers passing over a junction or a boundary. The instantaneous current 
is limited by the smallest unit of charge available which is the charge on an 
electron. Shot noise exists in all active devices however it depends on various 
variables that are dependent on the type of devices such as transistors or 
amplifiers.  Shot noise can be expressed in terms of current and can be 
written as [71] 
 2shot DCv eI B  (2.58) 
where 
e = charge on an electron. 
DCI = DC current. 
B = Bandwidth in Hertz. 
 
 
Flicker noise or 1 / f  noise is dominant in the lower frequency range and it 
has a power spectral density equal to  1 / f . Flicker noise is present in all 
active devices which have DC biasing and is caused due to the imperfections 
during the fabrication processes and due to the fluctuation of the current 
flow. Research studies and analysis show that flicker noise exists in even 
very low frequencies such as up to 610 Hz with a frequency period spreading 
over several weeks.  




Flicker noise is also used to model device fluctuation parameters with 
respect to time. Major models were developed by McWhorter [72] and Hooge 
[73] for surface and bulk structures respectively. The power spectral density 






  (2.59) 
Since the flicker noise has an inverse relationship with the frequency, there 
are certain application regions in which it dominates thermal and shot noise.  
A comparison of various dominant noise regions in contrast with flicker 
noise have been shown in Fig. 2.28. 
 
 
Fig. 2.28. Dominant noise sources in comparison with flicker noise.  
 
 
The definition of noise figure came into use in 1940’s when Harold Friis [74] 
defined the noise figure F  of a network as a ratio of the SNR at the input 






  (2.60) 




Therefore the noise figure of a network is the degradation of the input signal 
as it progresses through the network. 
An ideal amplifier would not only amplify the input signal but also amplify 
the input noise along with the signal while maintaining the same signal-to-
noise ratio at its input and output. However, a realistic amplifier would also 
include some extra noise that is generated from its own electronic 
components which degrades the signal-to-noise ratio. 
Fig. 2.29(a) shows an input of an amplifier with a signal of 40 dB above the 
noise floor whereas Fig. 2.29(b) shows the output of the amplifier where the 
signal and noise floor have been amplified by 20 dB, with an additional 10 
dB of amplifier internally generated noise. Now the output signal is at 30 
dB above the noise floor level. This shows a degradation of the signal-to-
noise ratio, therefore noise figure of the amplifier is 10 dB.  
 
 
Fig. 2.29. (a) Signal level at the amplifier input. (b) The signal level at 
amplifier output with internal and amplified noise.  
 
 
The noise figure measurements are dependent upon the fundamental 
characteristic of two-port linear devices, i.e. noise linearity. The output 
noise power of a device is linearly dependent on the input noise power or 




the noise temperature. Fig. 2.30 shows the linear behaviour with respect to 
the source noise temperature of a two-port device. 
 
 
Fig. 2.30. Power output against source temperature characteristic of 
linear, two-port device. The output power is increased by thermal noise 
from the source and amplification by the gain parameter of the DUT. 
 
If the slope kGB  is known at a particular reference point, the input noise 
power and noise figure can be calculated. In order to determine the noise 
slope, a particular reference point must be specified. One way of doing that 
is to measure the change in the noise output while applying two different 
levels of input noise. This is achieved by a noise source device which consists 
of a low capacitance diode that generates the noise by biasing. When 
unbiased, the output noise is the thermal noise produced by the diode itself, 
however, when biased the noise is generated by the diode itself. The levels 
hT  and cT  refer to hot and cold noise temperatures respectively. 
A noise source must have a calibrated output noise level which is 

















Precise sources of noise are commercially available in order to reduce the 
mismatch errors during measurement. For instance, Fig. 2.31 shows the 
series noise generator 346CK01 by Keysight which is able to generate a 
noise temperature of 290 K when off and 10,000 K when on, with a matching 
frequency range of up to 50 GHz. 
 
 
Fig. 2.31. Series noise source generator by Agilent. Photo by the courtesy 
of Peregrine Semiconductor, United Kingdom.  
 
 
The Y-factor method is commonly used to make noise figure measurements. 
This method allows determining the internal noise temperature in the DUT. 
A noise source is connected to the DUT and the output power is measured 
corresponding to the noise source being switched off and switched on. The 
output noise power consists of the noise generated by the DUT and the 
noise generated by the noise source. The ratio of hT  (noise source switched 
on) and cT  (noise source switched off) is known as Y-factor and is written 
as [46] 
 1 h eN GkT B GkTB   (2.62) 
 2 c eN GkT B GkTB   (2.63) 
Y-factor is given as 


























The setup diagram for the Y-factor method has been shown in Fig. 2.32. 
 





The device noise figure varies with a change in the source impedance, and 
this variation can be expressed in terms noise parameters which provide 
valuable information when designing low noise systems. These parameters 
can be mathematically related to each other as 
 
   
  














nR = Equivalent Noise Resistance 
minF = Minimum Noise Figure 
optS = Magnitude of the optimum noise reflection coefficient. 
s = Source reflection coefficient 




A general approach is to measure the noise figure F at various source 
impedance values i.e. s  and then solve for the noise parameters by using 
Eq. (2.66) using simultaneous equation method. However, the noise 
measurements are very sensitive to small errors and therefore the 
measurements are repeated several times to estimate the noise figure by 
using least-mean-square algorithm [75–76]. 
Modern noise figure measurement is performed using automated impedance 
tuners to sweep the source impedance over the frequency band of interest 
at each state. The noise power measurement is also swept over the frequency 
range of interest such that the source impedance tuner moves to each source 
impedance only once. This method not only takes advantage of fast sweep 
times of modern instruments such as vector network analyzers but also 
maintains the impedance pattern at all frequencies and use non-uniform 
phase spacing to precisely evaluate the noise figure of the DUT. Fig. 2.33 
and Fig. 2.34 show the block diagram and the noise parameter measurement 
setup by Maury Microwave respectively. 
 
 
Fig. 2.33. Block diagram of the noise measurement setup. 





Fig. 2.34. Noise parameters measurement setup with load tuner and noise 
receiver on a probe station fixture with a DUT. Photograph taken on 9th 




A microwave system is composed of various sub-circuit elements which can 
be classified into active and passive categories. Common passive circuit 
elements are resistors, capacitors and inductors whereas active elements are 
transistors, op-amps and diodes. In order to characterize the noise figure of 
the microwave system, it is important to express these elements into their 
equivalent noise models and then determine the overall system performance 
degradation due to noise. This section discusses the equivalent noise 
modelling and noise figure of basic circuit elements. 





A non-ideal resistor at room temperature can be modelled as a noiseless 
resistor with an equivalent voltage or current noise source. A series noiseless 
resistor can be modelled as Thevenin equivalent with a noise voltage source 
generator given by Eq. (2.67). The schematic has been shown in Fig. 2.35. 
 
Fig. 2.35. Thevenin equivalent of a noisy resistor. 
 
The rms noise voltage is given as  
 2 4thv kTBR  (2.67) 
The resistor can also be modelled as a Norton equivalent with an ideal 
noiseless resistor and an equivalent current noise source generator in shunt 
[46]. The Norton noise current equivalent is given by Eq. (2.68). 
 2 4 /thi kTB R  (2.68) 
The equivalent circuit model can be seen in the Fig. 2.36. 
 
Fig. 2.36. Norton equivalent of a noisy resistor. 
 
















For a bandwidth of 1 Hz, the noise power would be estimated as -174 
dBm/Hz. It is noted that the thermal noise power has a spectral density 
which remains constant with frequency, which means that the thermal noise 
power is frequency independent.  
 
 
Ideal capacitors do not generate noise as is the case with all reactive 
elements. However, capacitors are composed of non-ideal conductors and 
dielectrics which have associated physical resistance that produces thermal 
noise. The noise voltage of a capacitor can be derived from equivalent circuit 
model of a capacitor which has been depicted in Fig. 2.37. 
 
Fig. 2.37. Equivalent model of a capacitor with parallel resistance 
producing thermal noise. 










Since thermal noise is produced due to the resistive part of impedance 
















With some mathematical simplification, we can yield [77–79] 








  (2.72) 
This concludes that the noise voltage generated by a non-ideal capacitor is 
only dependent on the temperature and capacitance value. It is also 
important to realize the amount of noise power that a non-ideal capacitor 
would deliver to the load. For this purpose, consider the schematic shown 
in Fig. 2.38 where a capacitor is connected to the resistive load.  
 
Fig. 2.38. A non-ideal capacitor with thermal noise source, delivering 
power to resistive load. 
If the effective parallel resistance of the capacitor  P LR R  then the voltage 




















  (2.74) 
Substituting Eq. (2.73) into Eq. (2.74) and simplifying yields 











If LCR  then the noise power is given as 











  (2.76) 
The ratio of /L PR R  is less than 1 therefore the Eq. (2.76) concludes that 
the thermal noise power from the capacitors is usually negligible because 
the noise power delivered to the load is much smaller than  kTB . 
 
 
Real inductors exhibit thermal noise due to resistive losses. A non-ideal 
inductor can be modelled as an ideal inductor with an equivalent series 
resistance with thermal noise voltage source. The thermal losses in inductors 
are due to the losses in the inductor winding and the magnetic cores. A non-
ideal inductor model is given in Fig. 2.39. 
 
Fig. 2.39. Equivalent model of a non-ideal inductor with series resistance 
producing thermal noise voltage. 
 
The noise voltage produced by a non-ideal inductor is written as 
 4n Sv kTBR  (2.77) 
The noise power delivered to the load is 










If /LR L  and  S LR R , above expression reduces to [79] 











  (2.79) 
Eq. (2.79) concludes that the noise from inductors is always below the kTB  
threshold, where 
 174 dBm/HzkTB     
 
 
The dominant noise type in BJT’s are commonly thermal noise, shot noise 
and flicker noise. The charge carrier arrival process at base and collector is 
random hence they exhibit shot noise. The terminals of the transistor have 
physical resistances ,  ,  b c er r r  which can be modelled as noiseless resistors 
with equivalent noise voltage sources in series as ,  b cv v  and ev  respectively. 
The base-emitter junction in transistor also exhibits flicker noise which can 
be modelled as their equivalent current generator sources. A noisy transistor 
can be modelled as a noiseless transistor with equivalent aforementioned 
noise sources. The equivalent noise model of a BJT has been depicted in 
Fig. 2.40. 
 
Fig. 2.40. Equivalent BJT circuit model of noisy BJT with noise sources. 
 




 4b bv kTr B  (2.80a) 
 4c cv kTr B  (2.80b) 
 4e ev kTr B  (2.80c) 
Similarly, the shot noise for the base and collector current can be written 
as [79] 
 2b bi qI B  (2.81a) 
 2c ci qI B  (2.81b) 
The total noise present in the transistor is the superposition of all the 
individual noise sources. 
 
 
Op-amps exhibit thermal noise, shot noise and flicker noise contributions. 
Resistive elements contribute towards the thermal noise whereas biasing 
current contribute to shot noise and flicker noise. Noise modelling in op-
amps is done by replacing the noisy op-amp with a noiseless amplifier and 
modelling the individual resistive components by replacing them with a 
noiseless resistor and equivalent noise voltage source. Similarly, shot noise 
and flicker noise is modelled by their appropriate noise current source. A 
non-ideal op-amp model with noise sources is shown in Fig. 2.41. 
 
Fig. 2.41. Equivalent circuit model of a noisy operational amplifier. The 
thermal noise sources, shot noise, and flicker noise sources have been 
modelled. 





Diodes are active devices therefore they exhibit thermal and shot noise. The 
diode exhibits series resistance  sR , series inductance  sL  and a pure negative 
resistance  dR  and a junction capacitance  dC . The shot noise power 
depends on the current flowing through the diode and is given as [79] 
 2shot DCv eI B  (2.82) 
where, 
e = charge on an electron. 
DCI = DC current. 
B = Bandwidth in Hertz. 
 
Since the diode exhibits physical resistance  sR , the thermal noise is also a 
dominant noise source which is given as  
 4thermalv KTBR  (2.83) 
 




Fig. 2.42. A two-port small-signal equivalent model of a tunnel diode. 
 





This chapter outlined the fundamental theory of wave-electromagnetics, 
Maxwell’s equations and boundary conditions. It then explained the 
concepts of parity-time symmetry and its realisation in microwave electronic 
circuits in terms of loss and gain impedances coupled together through a 
transmission line. The chapter then discussed the scattering matrix 
formulism in PT-symmetric systems and discussed the conditions for 
reflectionless transmission at the exceptional points. The chapter presented 
that when the forward and reverse transmission become unitary in a two-
port PT-symmetric system, the reflection coefficient at either port becomes 
zero. At this point, the system exhibits zero reflections and this condition 
is known as unidirectional transparency. 
The chapter discussed the realisation of gain or negative impedance through 
negative impedance converters which can be incorporated in PT-symmetric 
system with loss and gain. These can be based on the technique of voltage 
or current inversion, implemented through BJTs or op-amps respectively. 
The chapter highlighted the common noise sources in practical 
electromagnetic systems such as thermal noise, shot noise and flicker noise. 
The chapter investigated the noise modelling in active and passive devices 
and discussed that the most dominant noise source in a PT-symmetric 
microwave system is thermal noise. Finally, the chapter discussed the 
concept of noise figure, its measurement techniques, and the equivalent 




In section 2.2.4 it was discussed that PT-symmetric systems may yield 
unidirectional transparency at the exceptional points where the loss and 
gain are balanced. The input reflection coefficient vanishes, transmission 
becomes unity and output reflection coefficient becomes enhanced. 
However, it is of great important that a PT-symmetric system exhibits the 
ability to manipulate its reflection and transmission properties while 
sustaining PT-symmetry. In order to have such control over reflection and 
transmission behavior of PT-symmetric systems, an imaginary impedance 
can be included such that the parity and time-reversal postulates still hold 
and the system remains invariant under combined PT-transformation. 
Section 2.2 has previously presented the design postulates that can be 
followed to realize PT-symmetry in microwave electronics.  
This chapter discusses the design of PT-symmetric systems using ideal 
resistive and reactive circuit elements connected through lossless 
transmission line. Each of the aforementioned design configuration offers 
unique application advantages and design flexibility. The ideal circuit 
design by using lumped elements enables to understand the reflection and 
transmission behaviour in the absence of noise. However, later chapters will 
discuss the implementation of practical PT-symmetric systems by using 
realistic active and passive circuit elements with equivalent noise models. 
The study performed in this chapter has been supported by analytical 
methods which have been further validated through circuit level and full-
wave electromagnetic modelling and simulation techniques. 





Consider the two-port network with its schematic shown in Fig. 3.01 which 
consists of two series resistors 1 R , 2 R  connected by a lossless transmission 
line of electrical length x  with a propagation constant k , physical length 
d  and a characteristic impedance of 0Z . In order to employ time-reversal 
symmetry, the resistors have opposite values such that 1 0R rZ  and 
2 0R rZ   where r  is defined as a dimensionless, non-Hermiticity parameter 
which is normalized with respect to the characteristic line impedance of the 
transmission line. The series reactive element   X has a complex impedance 
which can be given as  1 /  X j C or  X j L  for a capacitor or an 
inductor respectively.  
 
 
Fig. 3.01. A two-port PT-Symmetric circuit in series configuration with 
resistors 1 2,  R R  connected together by a tranmission line of length x kd  
and an imaginary impedance given by a capacitive or inductive element. 
The time-reversal symmetry is applied through negative resistor 2R  with 
equal magnitude as positive resistor 1 R . 
 
From the definition of Parity-Time symmetry we conclude that the network 
is PT-symmetric because it is invariant under combined parity (P) and 
time-reversal (T) operators. The conditions are readily satisfied because 
interchanging the spatial coordinates of the two resistors and applying time-




reversal transformation does not effects the circuit and it remains invariant 
under such transformations. The positive resistor 1 R  is a power sink that 
dissipates energy over time and its time-reversed version would correspond 
to a power source or amplification element which is a negative resistor 2 R . 
Hence, the time-reversal symmetry is also satisfied because the system 
possesses 1R (loss) and 2R  (gain) [13–14]. The point of interest is to 
investigate the system exceptional points which correspond to the system 




A microwave network could be described by scattering parameters or 
scattering matrix that define the incident and reflected signals at the specific 
ports. The point of interest is to compute the s-parameters and find the 
system exceptional point where the loss and gain are exactly balanced, and 
the system exhibits real eigenvalues. This is achieved by cascading the 
transmission or ABCD matrix of individual circuit elements and then 
computing the scattering parameters by following the notation described in 
[46].  



















































 RM , 2 RM ,  XM  and  TLM  are transmission matrices for resistors 1 R
2R  the series reactance and the transmission line respectively. The overall 
ABCD parameters of the system are then found by cascading the individual 
matrices as 
 
1 2ABCD R TL X TL RM M M M M M  (3.2a) 
 
1 2ABCD R TL X TL R
A B






With some mathematical simplifications, the transmission matrix elements 
are computed as 
 2 02
0 0
(cos 1) sin 2 (2 )
2 cos 1
2




     (3.3a) 













1 2 sin sin 2
2
Xr x iX x
D x ir x
Z Z
      (3.3d) 
The scattering matrix notation in terms of ABCD parameters and 
characteristic line impedance 0Z  a be followed from [46] where the 














Substituting Eqs. (3.3a)-(3.3d) into Eq. (3.4) yields the individual scattering 
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For an electrical line length of  / 2x n  where n=1, 3, 5…, the scattering 







































From Eqs. (3.6a)–(3.6c), it is evident that the scattering parameters of the 
PT-symmetric system are dependent on the non-Hermiticity parameter  r , 
which itself depends on the resistors 1 2 ,  R R  and the characteristic line 
impedance 0 Z . The scattering parameters also depend on the electrical line 
length and the imaginary impedance originating through the series reactive 
element connecting the two transmission lines and the resistor pair. 




Formulating the results from Eqs. (3.6a)–(3.6c), the four scattering 
parameters can be graphically visualized as shown in Fig. 3.02, as a function 
of electrical length and capacitive reactance. 
 
 
Fig. 3.02. Scattering parameters of the PT-symmetric circuit as a function 
of electrical length and capacitive reactance in series configuration at an 
exceptional point of  1r  . The schematic diagram has been shown in Fig. 
3.01. 
 
We can note from Fig. 3.02 that an electrical length of  / 2x n , the 
system reaches its exceptional point and the reflection coefficient at the 
input port vanishes and the transmission becomes unity regardless of the 




capacitive reactance. At this point, only the output reflection coefficient is 
a function of capacitive impedance and can be readily manipulated. The 
exceptional point periodically occurs at n=1, 3, 5…. 
Similar results are achievable through a series inductive reactance inclusion 
in the PT-symmetric circuit. Fig. 3.03 shows the scattering parameters as a 




Fig. 3.03. Scattering parameters of the series PT-symmetric circuit as a 
function of electrical length and inductive reactance at an exceptional 
point of  1r  . The schematic diagram has been shown in Fig. 3.01. 
 





PT-symmetric systems undergo phase transition at exceptional points where 
the eigenvalues become real from complex. The scattering matrix described 
in Eqs. (3.6a)–(3.6c) satisfy the following PT-symmetric condition [55].  
 1( *) ( )PTS PT S   (3.7) 
The eigenvalues of the series PT-symmetric system are computed through 
Eqs. (3.6a)–(3.6c) and have been depicted in Fig. 3.04. 
 





























Fig. 3.04. Eigenvalues of the series PT-symmetric circuit as a function of 
reactance and non-Hermiticity parameter  r . The exceptional point occurs 
at  1r  , showing a phase transition of the system. 





From the scattering parameters, we can notice that when the two resistors 
are equal to the transmission line impedance, i.e. at  1r   and for electrical 
line length  / 2x n  where n=1, 3, 5…, the reflection coefficient at port-1 
vanishes and the magnitude of the transmission coefficient becomes unity, 
regardless of the imaginary impedance originating through capacitor or an 
inductor. The point  1r   at an electrical length of  / 2x n  is an 
exceptional point in the PT-symmetric system at which loss and gain are 
balanced. By following Eq. (2.40) from section 2.2.5, we can write 
 2 *21 11 221 S S S    
which follows that when the transmission is unity, either of the reflection 
coefficient at port-1 or port-2 should disappear, resulting in full 
transmission. We can note that this is indeed the case here and the reflection 
coefficient at port-1 is zero. An exciting phenomenon here, is that the 
imaginary impedance from a series capacitance or inductance can only 
manipulate the output reflection coefficient 22S  of the PT-symmetric system 
as suggested from the 22S  plot in Fig. 3.02 and Fig. 3.03. 
The scattering parameters in the complex plane with a varied range of non-
Hermiticity parameter  r  have been depicted in Fig. 3.05 for various 
capacitive or inductive impedances in the PT-symmetric circuit to yield a 
broad range of output reflection coefficient at the exceptional point.  
From a practical implementation perspective, one can also notice that the 
characteristic line impedance 0 Z  and the electrical length  x  are constant 
in any fabricated microwave circuit and therefore cannot be varied 
conveniently as discussed in section 2.2.6. However, the PT-symmetric 




circuit presented here utilizes imaginary impedance to achieve particular 
value of reflection coefficient at the output while sustaining PT-symmetry. 
 
Fig. 3.05. Scattering parameters in complex plane as a function of 
reactance and non-Hermiticy parameter  r . The system always exhibits 
zero reflection coeffecient at port-1 and unitary tranmission to port-2, 
regardless of the reactance. However, the output reflection is described by 
the selection of reactance. Two cases have been shown at 1.5 GHz.  (a) At 
a capacitance of 4.45 pF the system shows unitary output reflection. (b) 
At a capacitance of 2.12 pF, the output reflection coeffecient magnitude 
increases to two. (c) At an inductance of 2.65 nH the output reflection 
coeffecient is 1. (d) At and inductance of 5.3 nH the output reflection 
magnitude increases to twice. The red arrows correspond to exceptional 
point of the PT-symmetric circuit. 
In order to develop further understanding and to validate the concept, 
circuit level simulation can be performed by using ideal lumped elements 




and lossless transmission line by using a commercial microwave circuit 
simulator.  
Utilizing a series reactive element by following the circuit schematic shown 
in Fig. 3.01, it can be verified that the output reflection coefficient can be 
manipulated while other reflection and transmission parameters remain 
unaffected. Fig. 3.06 shows the simulated scattering parameters of the PT-
symmetric circuit as a function of capacitive and inductive reactance at the 
exceptional point of  1r   and the results coincide with the analytical 
results shown in Fig. 3.05.  
However, it can be noticed that a series inductance offers a linear response 
in manipulating the output reflection coefficient. For instance, a small 
inductance change can broadly vary the output reflection response of the 
PT-symmetric circuit and while the input reflection is zero, a zero output 
reflection is also achievable through a small inductance inclusion in the 




Fig. 3.06. Scattering parameters of a PT-symmetric circuit as a function of 
series reactance through a capacitor and inductor at an exceptional point 
of  1r  . 





The design of PT-symmetric circuits in series or shunt topologies offers 
unique advantages in terms of application design perspective which will be 
discussed in subsequent chapters. The PT symmetric circuit shown in Fig. 
3.01 can also be described in shunt configuration. Consider the two port 
network schematic in Fig. 3.07 where the resistors 1 2 ,  R R  and the reactive 
element  X  have now been placed in a shunt configuration. Following PT-
symmetry postulates described in [13–14] the system is PT-symmetric. The 
parity and time-reversal invariance hold because interchanging the spatial 
coordinates of resistor 1  R and 2   R , and further applying time-reversal 
transformation by replacing loss with gain and vice versa, the system 
remains invariant. 
 
Fig. 3.07. A two-port PT-Symmetric circuit in shunt configuration with 
loss and gain resistors 1 2 ,  R R  are connected together by a transmission 
line and an imaginary impedance  X  which may be given by a capacitor 
or inductor. The time-reversal symmetry is applied through negative 
resistor with equal magnitude as positive resistor. 
 
 
The scattering parameters for the shunt configuration can be obtained by 
following the ABCD and scattering matrix notation by following [46] and 
the formulation explained in the earlier section. The scattering parameters 




of the PT-symmetric system in shunt configuration at an electrical length 






































The scattering parameters in Fig. 3.08 have been shown as a function of 
electrical length and capacitive reactance. 
 
 
Fig. 3.08. Scattering parameters of the shunt PT-symmetric circuit as a 
function of electrical length and capacitive reactance at an exceptional 
point of  1r  . The schematic diagram has been shown in Fig. 3.07. 




Similarly, the scattering parameters for the shunt PT-symmetric circuit as 




Fig. 3.09. Scattering parameters of the shunt PT-symmetric circuit as a 
function of electrical length and inductive reactance at an exceptional 
point of  1r  . The schematic has been shown in Fig. 3.07. 
 
We can note from Fig. 3.08 and Fig. 3.09 that with an inclusion of a shunt 
reactance, the reflection and transmission parameters can be effectively 
manipulated. In the upcoming sections, we will discuss the exceptional 
points of PT-symmetric circuits in shunt configuration and conditions for 
reflectionless transmission along with analytical and simulated validations. 





The eigenvalues of the PT-symmetric circuit in shunt are calculated from 
the scattering parameters given by Eqs. (3.9a)–(3.9c) and are given as  
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The exceptional point occurs at 1r  , showing the system transisioning 
state. Fig. 3.10 shows the two eigenvalues for the scattering matrix for shunt 
configuration described in Eq. (3.10a) and Eq. (3.10b). 
 
 
Fig. 3.10. Eigenvalues of the shunt PT-symmetric circuit as a function of 
reactance and non-Hermiticity parameter  r . The exceptional point occurs 
at  1r  , showing a phase transition of the system. 





From Eqs. (3.9a)–(3.9c), we can identify the symmetry breaking or 
exceptional point at  1r  . The scattering parameters for the PT-symmetric 
circuit shown in in shunt configuration are shown in Fig. 3.11 in a complex 
plane where the origin of unit circle marks zero reflection whereas a radius 
of 1 represents full reflection. 
 
 
Fig. 3.11. Scattering parameters in complex plane as a function of 
capacitive or inductive reactance, and the non-Hermiticy parameter r  at 
an electrical length of / 2n . The two-port system is matched from port-1 
with unity transmission regardless of the reactance. However, the output 
reflection is described by the selection of reactance. (a),(c) Capacitance of 
1.1 pF or an inductance of 10.6 nH yields 22 1S  . (b),(d) Capacitance of 
2.12 pF or an inductance of 5.3 nH, the output reflection coeffecient 
increases to twice. 




It can be observed that the PT symmetric circuit designed in shunt 
configuration now necessitates a capacitance of 1.1 pF or an inductance of 
10.6 nH to render a unity output reflection magnitude. Similarly, a 
capacitance of 2.12 pF or an inductance of 5.3 nH is able to achieve an 
output reflection magnitude of 2. This concludes that PT-symmetric circuit 
designed in shunt configuration require lower capacitance to achieve a 
particular value of reflection at the output. This is favorable in terms of a 
practical circuit design perspective. For instance a varactor diode in shunt 
can provide an appropriate variable junction capacitance in a small range 
at design frequencies hence resulting in a broader variance of reflection 
magnitude. However, the tradeoff comes at an increased noise figure of the 
system. Further discussion on the noise performance of PT-symmetric 
systems has been explored in later chapters of this thesis where the noise 
figure of series and shunt systems have been discussed. 
In order to validate the analytical findings, a circuit level simulation has 
been performed by using a commercial circuit simulator such as Keysight 
ADS. It can be noticed from the scattering parameters shown in Fig. 3.12 
that the inductor choice in shunt is not quite favorable in terms of 
transmission and reflection manipulation. For instance, at an electrical 
length of  / 2x n , the inductor is not able to achieve a zero output 
reflection coefficient. The primary reason for this behavior occurs due to the 
asymptotic response of the shunt inductor in the PT-symmetric circuit. 
Therefore, it can be concluded that capacitor is a better choice in designing 
shunt PT-symmetric circuits whereas inductor is a better choice in series 
PT-symmetric circuit design. This has been shown in Fig. 3.12 where the 
scattering parameters of the PT-symmetric system have been shown in 
shunt configuration as a function of capacitive and inductive reactance.   
 





Fig. 3.12. Scattering parameters of a PT-symmetric circuit in shunt 
configuration as a function of shunt reactance through a capacitor and 
inductor at an exceptional point of  1r  . The capacitor offers a linear 
response in manipulating output reflection whereas an inductor shows 
asymptotic behaviour. 
To develop a deeper understanding of the explained concept, we have 
performed full-wave electromagnetic simulations for an incident 
electromagnetic wave on the PT-symmetric system at its exceptional point 
using COMSOL Multiphysics. The incident plane wave with an arbitrary 
microwave frequency of 1.5 GHz is launched from the loss side of the system 
depicted in schematic shown in Fig. 3.01 and Fig. 3.07. The 
capacitive/inductive reactance has been modelled as an ultrathin uniform 
metasurface, sandwiched between loss and gain metasurfaces with an 
electrical length seperation of  / 2x n  where n is an odd integer 
multiplier. The geometric setup for the COMSOL Multiphysics simulation 
has been shown in Fig. 3.13. The resistive metasurfaces with loss and gain 
are defined as 
1 0 50 R rZ    
2 0 50 R rZ      





Fig. 3.13. Geometric setup of the PT-symmetric circuit with loss, gain and 
reactive elements modelled as a uniform ultrathin respective impedances. 
Fig. 3.14 shows the full-wave simulation for the PT-symmetric system with 
a plane wave with a magnitude of 1 V/m is incident from the loss side 
through port-1. At the exceptional point of  1r  , the incident wave 
experiences zero input reflection coefficient and gets fully transmitted 
towards port-2 with forward and reverse transmission coefficients equal to 
unity. The simulated results coincide with the analytical results previously 
discussed in section 3.2.3.  
 
 
Fig. 3.14. Time snapshot of full-wave simulation for the PT-symmetric 
circuit in shunt configuration at 1.5 GHz. When the system is excited 
from port-1, the incident EM wave is transmitted through the structure 
without any perturbation with a forward tranmission coeffecient of unity. 
The black arrows represent average power flow in the system also known 
as Poynting vector.  




However, if the wave is incident at port-2, it experiences the gain 
metasurface as a first plane of incidence which results in enhanced reflection 
whose magnitude is given by the selection of capacitive or inductive 












where 1 /X j C  for a capacitive impedance, and X j L  for an 
inductive impedance in the system. 
For instance, utilizing a shunt PT-symmetric circuit configuration and 
including a capacitance of 1.1 pF or an inductance 10.6 nH yields a reflection 
coefficient of unit magnitude at port-2 which corresponds to a full reflection 
of the incident wave with equal magnitude as shown in Fig. 3.15. 
Alternatively, a broader range of output reflection coefficients can be 
obtained by varying the shunt capacitance in a small range as discussed 
earlier in section 3.2.3. It is also to be noted that the imaginary impedance 
discussed here only affects the output reflection coefficient i.e. 22S . Whereas 
11S  remains zero and forward and reverse transmission coefficients remain 
unitary. 
 
Fig. 3.15. Time snapshot of full-wave simulation for the PT-symmetric 
circuit with an incident wave at port-2. A capacitance of 1.1 pF or an 
inductance of 10.6 nH yields 22 1S  .  




Similarly, the system excitation from port-2 with a capacitance of 2.12 pF 
or an inductance of 5.3 nH yields enhanced reflection with twice the 
magnitude of the incident wave. Fig. 3.16 shows the full-wave simulation 
snapshot of the described phenomenon. 
 
Fig. 3.16. Time snapshot of a full-wave simulation with an excitation from 
port-2 and a capacitance of 2.12 pF or an inductance of 5.3 nH. The 
output reflection coefficient is increased to a magnitude of 2. 
 
 
So far we have discussed the design of PT-symmetric circuits in series and 
shunt circuit configurations. However, circuit configurations are also 
possible if PT-symmetry condition is valid. In other words, loss and gain 
resistances must occur in parity pairs which may be in series, shunt, or a 
hybrid configurations. 
In order to realize loss and gain coupling, a simple approach by using a 
transmission line can be incorporated. However, more complex approaches 
such as a mutually coupled transformer with mutual inductance can also be  
utilised. 
An illustration of a generalized PT-symmetric system in microwave 
electronics has been shown in Fig. 3.17 which is composed of gain and loss 




resistors with incident and reflected waves to describe the scattering 
parameters. 
 
Fig. 3.17. An illustration of a PT-symmetric system with balanced loss 
and gain modelled as positive and negatives resistor connected together 
through a transmission line or a complex passive network. 
For instance, consider the arbitrary schematic given in Fig. 3.18 where two 
individual PT-symmetric systems composed of loss and gain have been 
cascaded together through a coupling reactive element.  It can be noticed 
that the system is PT-symmetric because interchanging the spatial 
coordinates of gain-loss resistors and applying time-reversal symmetry, the 
system invariance still holds. The point of interest is to approach the 
exceptional point of the PT-symmetric system so that the loss-gain balance 
can be reached to realize a stable system. 
 
 
Fig. 3.18. Two cascaded PT-symmetric systems coupled together with an 
imaginary impedance. Each individual PT-symmetric system is composed 
of loss and gain resistors with satisfied parity and time-reversal symmetry 
conditions. The cascaded system also holds PT-symmetry. 




The scattering matrix of the aforementioned cascaded PT-symmetric 
system is calculated by following similar formulation as explained in section 





































We can realize that the scattering matrix of the cascaded PT-symmetric 
system are similar to that of the series PT-symmetric system shown in Fig. 
3.01. However, it must be taken into consideration that the higher number 
of elements in a PT-symmetric system would result in an increased noise 
figure of the system. Therefore, the design of PT-symmetric system depends 
on the application requirements. For instance, a particular unidirectional 
cloaking or RCS reduction applications, a high noise figure would result in 
degraded performance of the PT-symmetric cloak. Further studies have 
been performed in the next section where application design of a PT-
symmetry has been shown as a unidirectional cloak and RCS approximation 
has been performed. 
 
 
This chapter showed that an imaginary impedance originating through a 
capacitor or an inductor can effectively manipulate reflection and 




transmission behavior in PT-symmetric systems while sustaining parity and 
time-reversal symmetry. Circuit configuration in series and shunt has been 
studied to provide broad range of reflection and transmission magnitudes 
by the inclusive capacitive and inductive impedances. The chapter further 
showed that the electrical line length plays a crucial role in PT-symmetric 
application design. For instance, at an electrical length of / 2n  where n  
is an odd multiplier, the output reflection coefficient magnitude of the PT-
symmetric circuit is defined by the capacitive or inductive impedances. 
Similarly, at an electrical length of n  where n  is an integer multiplier, 
both the reflection and transmission coefficients of PT-symmetric system 
can be manipulated through the capacitive or inductive impedances. The 
aforementioned studies have been verified analytically and the transmission 
and reflection behavior is validated and visualized by a full-wave simulation 
models for series and shunt configurations.  
 
 Presented a transmission line model of PT-symmetric circuits in 
series and shunt topologies and evaluated the associated scattering 
parameters and eigenvalues. 
 Presented a non-invasive technique to manipulate the transmission 
and reflection properties of aforementioned PT-symmetric circuits. 
For instance, a capacitive or inductive element can be incorporated 
in the PT-symmetric circuit with satisfied PT-symmetry postulates. 
 Presented and discussed the transmission line and equivalent full-
wave simulation models for the aforementioned PT-symmetric 





In chapter 3 we have investigated the design of PT-symmetric systems using 
ideal lumped elements. This provides a useful insight in understanding the 
behaviour of such systems in terms of reflection and transmission properties 
under ideal loss and noise free domains. Although such systems can be 
designed to minimize overall losses by compensating loss with equivalent 
gain proportions, noise in a practical RF system with loss (passive) and gain 
(active) components, is unavoidable. 
Studies have suggested that the primary bottlenecks in designing and 
implementing PT-symmetric systems at microwave frequency ranges are 
noise and instability that can weakly break PT-symmetry resulting in 
system performance degradation [17]. Practical implementation of such 
systems and devices require significant level of control and stability and it 
is crucial to characterise the fundamental noise sources in terms of noise 
figure and signal-to-noise ratio.  In realistic domains, PT-symmetric systems 
employ non-ideal active and passive circuit elements that generate various 
types of noise. Primary noise contributions originate through lossy resistor
R , which is a source of Johnson-Nyquist or thermal noise, and through 
the gain resistor  R . The negative resistor does not occur as a standalone 
circuit element and hence it is implemented through operational amplifiers 
and negative impedance converters (NIC) at low frequencies or a resonant 




tunnel diode (RTD) at microwave frequencies, hence exhibiting thermal 
noise, shot noise and flicker noise contributions. In this chapter, we have 
considered a tunnel diode to provide negative resistance at the frequency of 
interest to realise gain element in PT-symmetric circuits. The primary 
reason for this choice is that a tunnel diode not only supports frequency 
ranges up to THz but also has the least active element count which favours 
least possible noise contribution and greater stability as compared to other 
NIC techniques such as BJT or op-amp therefore allowing best performance. 
In this chapter, we first present equivalent noise models of PT-symmetric 
circuits in series and shunt configurations. We then calculate the noise figure 
of aforementioned systems using analytical methods and further validate 
the analytical results using simulation techniques.  
 
 
In section 3 we have discussed an ideal, lumped element PT-symmetric 
circuit model in series configuration where loss and gain resistors are 
connected together through a transmission line and separated by an 
imaginary impedance. The circuit schematic from Fig. 3.01 has been shown 
here for convenience. 
 





Fig. 4.01. Schematic from section-3 of series PT-symmetric circuit with 
ideal lumped elements. The system is free from any associated noise and 
system losses. 
By following the schematic we can identify that the conventional resistor 
R  is the primary source of thermal noise. The series reactive element can 
be a capacitor or an inductor whose generated noise current or voltage is 
much less than kTB  as discussed in section 2.3.5, hence for the purpose of 
brevity, the associated noise contribution has been be neglected. 
Similarly, the negative resistor 2R  is realized using a tunnel diode of sample 
L939F to give a negative resistance of -49.77 Ω at 1.5 GHz and hence can 
be replaced by its equivalent circuit model as followed from section 2.29(c). 
The overall system noise figure can then be estimated using analytical 
methods and can be further validated through circuit level simulations. The 
equivalent circuit model of a non-ideal PT-symmetric circuit has been 
shown in Fig. 4.02. 
 





Fig. 4.02. Equivalent noise circuit model of the series PT-symmetric 
circuit. The ideal negative resistance originates through the tunnel diode 
and therefore has been replaced by its equivalent noise circuit model. 
The loss resistor 1R  and the internal resistance of the tunnel diode dR  are 
primary sources of the thermal noise voltage. The source port consists of a 
matched resistance and hence exhibits thermal noise. The noise power at 
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The noise figure is the degradation of signal to noise ratio at the output 
















For a bandwidth of 1 Hz, solving Eqs. (4.1a), (4.1b) and (4.2)  at the 
exceptional point for 1 1 2 50 port portR R R      and  7 dR   , the noise 
figure of the series PT-symmetric system is calculated as 3.31 dB/Hz.  The 
noise figure of the series PT-symmetric circuit can be validated by using a 




microwave circuit simulator such as Cadence or Keysight ADS. Fig. 4.03 
shows the comparison between simulated and analytical noise figure. 
 
 
Fig. 4.03. Analytical and simulated noise figure of the PT-symmetric 
system in series at the exceptional point of  1r  . The characteristic line 
impedance 0 Z  is 50 Ω. 
 
The noise figure for the shunt circuit topology can be estimated by 
identifying thermal noise sources in the PT-symmetric circuit. The 
schematic for an ideal and loss free PT-symmetric circuit from section 3.2 
is given as. 
 





Fig. 4.04. Schematic from section 3.2 of shunt PT-symmetric circuit with 
ideal lumped elements. The system is assumed to be free from any 
associated noise and system losses. 
 
We can readily identify and model the thermal noise sources of the system 
for the conventional resistor R  and the internal resistance of the tunnel 
diode of sample L939F, which provides negative resistance to reach the 
exceptional point of the shunt PT-symmetric circuit. It is important to 
notice that the analytical noise figure estimated here only takes thermal 
noise voltage into consideration. The overall system noise figure is a 
superposition of all the noise sources such as thermal, shot and flicker noise 
originating through active and passive circuit elements. 
 total active passiveF F F   (4.3) 
However, due to the purpose of brevity, we have only considered the 
thermal noise in our studies since it is the most dominant noise source in 
any microwave system.  
The equivalent circuit model of a non-ideal PT-symmetric circuit in shunt 
has been shown in Fig. 4.05. 
 
 





Fig. 4.05. Equivalent noise model of the shunt PT-symmetric circuit. The 
thermal noise originates through the loss resistor and internal resistance of 
the tunnel diode which provides a negative resistance of -49.77 Ω. 
 
Since the circuit elements are now in a shunt configuration, the noise 
voltages at the output and input port are given as 
 22
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The noise figure is the degradation of signal to noise ratio at the output and 
















For a bandwidth of 1 Hz, solving Eqs. (4.4a), (4.4b) and Eq. (4.5) at the 
exceptional point for 1 1 2 50 port portR R R      and  7 dR   , the noise 
figure of the shunt PT-symmetric system is calculated as 9.63 dB/Hz.  




The noise figure of the shunt PT-symmetric circuit can be validated by 
using a microwave circuit simulator such as Cadence or Keysight ADS. Fig. 
4.06 shows the simulation and analytical comparison of the noise figure. 
 
 
Fig. 4.06. Analytical and simulated noise figure of the PT-symmetric 
system in shunt configuration at the exceptional point of  1r  . The 
characteristic line impedance 0 Z  is 50 Ω. 
 
The above results conclude that the PT-symmetric systems designed in 
shunt configurations exhibit higher noise figure as compared to the series 
circuit design. The comparison results provide a valuable insight in 
designing and implementing functional PT-symmetric devices where the 
performance is bottlenecked due to high noise figure levels such as RCS 
reduction and unidirectional invisibility cloaks. 
 





PT-symmetric systems are composed of loss (passive) and gain (active) 
elements that are not ideal and therefore generate noise. Studies have found 
that noise can weakly break PT-symmetry which results in a system 
performance degradation. Therefore it is important to characterize such 
systems in terms of noise figure. The chapter discussed and presented the 
dominant noise source of PT-symmetric system in series and shunt design 
configuration. In order to achieve a figure-of-merit, tunnel diode was chosen 
to provide negative resistance due to the least number of active components 
and low power consumption, therefore resulting in minimum possible noise 
figure estimation. The noise characterisation of PT-symmetric system in 
series and shunt has been performed by considering the most dominant noise 
source i.e. thermal noise. The noise figure of aforementioned circuit design 
configurations was performed by using analytical methods whereas further 
validation was performed using simulation techniques. The chapter showed 
that PT-symmetric systems and applications designed in series 
configuration are prone to lower noise figure levels as compared to the shunt 
variant. The results are particularly useful for PT-symmetric applications 
where the performance bottlenecked by noise levels. For instance, 
unidirectional cloaks, sensors, circulators and isolators. Further detailed on 
the performance of PT-symmetric applications and devices has been 
performed in the next chapter where the performance of a noisy PT-
symmetric cloak has been discussed.  
 Presented an equivalent noise model of PT-symmetric circuits in 
series and shunt topologies and evaluated the noise figure in each 
case using analytical and simulation techniques. 




 Investigated and performed a noise figure comparison between 
series and shunt PT-symmetric circuit configuration. 
 Investigated that PT-symmetric circuits designed in series 
configuration exhibit lower noise figure levels in comparison with 
shunt design variants. Therefore, PT-symmetric applications 
such as unidirectional or bidirectional invisibility cloaks that are 
bottlenecked by high noise figure levels can be designed in series 







Cloaking an object and rendering it undetectable to the incoming waves is 
among one of the exotic applications of PT-symmetry which has been briefly 
discussed earlier section of this thesis. Eq. (2.40)  from section 2.2.5 presents 
an important condition which suggests that at the exceptional point, when 
the transmission is unity, the reflection coefficient from either side of a two-
port system should be zero. We can write the condition as  
 2*11 22 211S S S    
The above condition has been exploited in [26–33] to provide a proof of 
concept to realize unidirectional invisibility and cloaking by incorporating 
conjugate PT-symmetric metasurfaces with loss and gain respectively. 
In this chapter, we will first review and discuss a unidirectional PT-
symmetric cloak under ideal, loss-free conditions which has been studied in 
[29] to realize a perfect invisibility. We then present a reconfigurable 
metasurface cloak based on PT-symmetry which can be configured to 
provide unidirectional or bidirectional cloaking. We then discuss and 
evaluate the performance of the cloak by estimating the radar cross-section 
(RCS) of a cloaked target in the presence of various noise levels. In the later 
part of the chapter, a solid state switch has been presented which can also 




be realized as a selective attenuator. The studies performed in this chapter 
have been validated by using analytical methods and further verified 
through circuit and full-wave simulation models. 
 
 
In reference [29] it was proposed that an ideal unidirectional cloak can be 
realized by loss and gain metasurfaces. The absorbing lossy metasurface 
intercepts the incoming signal with zero reflections from the incident side 
whereas the gain metasurface transmits the same signal with equal 
amplitude and phase on the output.  
Consider the schematic shown in Fig. 5.01 where a PEC cylinder has been 
covered by an ultrathin metasurface with loss and gain respectively. The 
metasurface is composed of discrete ideal loss (conventional) and gain 
(negative) resistors connected together through a portion of transmission 
line. The magnitude of loss and gain resistors are defined in terms of 
characteristic line impedance 0Z  and the non-Hermiticity parameter r  such 
that 
0lossR rZ   
0gainR rZ   
The metasurface is constructed using discrete combination of positive and 
negative resistors connected together by a transmission line of length
 x kd  with satisfied PT-symmetry. We also assume that the impedance 
if the incoming wave is exactly matched with the surface impedance of the 
lossy metasurface such that there is no scattering or diffraction. 
 






Fig. 5.01. (a) A simple two-port transmission line model of an ideal 
unidirectional PT-symmetric cloak. (b) The lossy part of metasurface is 
composed of conventional positive resistors whereas the gain metasurface 
is composed of negative resistors. The horizontal lines show the connecting 
transmission lines of different length between the loss and gain resistors 
with satisfied PT-symmetry at the exception point of 0.5r   (c) The 
incoming plane wave is transmitted through the PT-symmetric structure 
rendering it invisible to incoming waves.  
 
































Regardless of the electrical line length, the scattering matrix at the 
exceptional point of  0.5r  , can be constructed as  












Which shows that any incoming signal impinging at the lossy metasurface 
will be fully absorbed and transmitted towards gain side. However, an 
incident signal incident at the gain metasurface is reflected back and 
amplified by a factor of four. This also means that a radar beam 
illuminating the metasurface from the loss side will be suppressed to give 
an overall 99.9% RCS reduction. However, the RCS estimation will be very 
high if the cloaked target is illuminated from the gain part of the 
metasurface. The large scattering energy originates from the active 
metasurface resulting in a high RCS. Since the aforementioned cloak 
exhibits unidirectional properties, it is primarily useful in monostatic radar 
applications. The analysis shows that the unidirectional behaviour of the 
PT-symmetric cloak is based on loss and gain metasurfaces because the 
reflection coefficient is zero from the lossy side of the structure whereas 
enhanced reflection and scattering is observed from the gain side.  
 
 
In previous chapter, we have discussed the properties of a unidirectional 
cloak and its equivalent circuit model. In this section we will discuss an 
ideal reconfigurable cloak based on PT-symmetric metasurfaces. The 
metasurface cloak has been presented in terms of its equivalent circuit model 
and full-wave electromagnetic simulation studies. 
Consider Fig. 5.02 where an uncloaked target is being illuminated by the 
incident electromagnetic wave. We assume that the target is in the far-field 
region where the incoming wave from a radar antenna can be assumed as a 
plane wave through plane wave approximation expression [80–81]. 








  (5.3) 
Here, R  is the distance where the spherical wave can be considered as a 




Fig. 5.02. An uncloaked target being illuminated by incident waves from a 
radar antenna. The target gets reflects the incident electromagnetic waves 
and gets detected by its radar cross-section approximation. 
 
When an object is illuminated by an electromagnetic wave, it disperses the 
impinging electromagnetic energy in all directions which is commonly 
known as scattering. The resulting field distribution in space is dependent 
upon the object size, shape, composite materials, incident waveform and 
direction-of-arrival of the incident wave. The spatial distribution of the 
scattered energy is known as radar cross-section. 
The RCS is given in terms of incident and scattered energy from the target 














  (5.4) 






  = Radar cross-section in [dB/m2]. 
sE = Scattered electric field intensity in [V/m]. 
iE = Incident electric field intensity in [V/m]. 
 
In order to have an insight of this phenomenon, we have performed a full-
wave electromagnetic simulation using COMSOL Multiphysics RF module, 
the geometric simulation setup has been shown in Fig. 5.03. The simulation 
domain dimensions are chosen carefully such that they are not too large to 
cause out-of-memory errors or long computation times, neither too small to 
cause inaccuracy of the results. 
 
 
Fig. 5.03. Full-wave simulation setup for system shown in Fig. 5.02. The 
red arrow represents the excitation direction. 
 
Fig. 5.04 shows the time-snapshot of the full-wave electromagnetic 
simulation of a plane wave with a magnitude of 1 V/m, incident at the 
uncloaked target along with its RCS approximation normalized to unit 
length.  





 Fig. 5.04. An uncloaked target being illuminated by a plane wave 
incident from the left. The detection is caused due to the large RCS 
approximation caused by the scattered electric field distribution and the 
target’s shadow on the right. The red arrow represents the direction of the 
incident wave. The electric field shown is a time snapshot whereas the 
RCS calculation is an average value. 
We have discussed in section 3 and section 3.2 that the inclusion of an 
imaginary impedance in series or shunt configurations offers a unique 
manipulation of the reflection coefficient from the gain side provided that 
the electrical length is selected such that / 2x n  where n=1, 3, 5…. The 
scattering matrix of such PT-symmetric circuits in series and shunt were 





















where X is the imaginary impedance originating through capacitive or 
inductive element.  
Using results from section 3 and section 3.2, PT-symmetric cloak is 
constructed as an ultrathin metasurface layer as shown in Fig. 5.5. The 
metasurfaces are modelled as positive (loss) and negative (gain) resistors 




connected through a transmission line and separated by a reactive element 
as followed by the schematic shown in Fig. 3.01.  
 
 
Fig. 5.5. PT-symmetric metasurface constructed from a series PT-
symmetric circuit configuration. The reactive element X has a complex 
impedance originating through a capacitor or an inductor. 
 
The PT-symmetric metasurface can also be constructed by using shunt PT-
symmetric configuration by following results from section 3.2 and Fig. 3.07. 
This schematic has been shown in Fig. 5.6. 
 
 
 Fig. 5.6. PT-symmetric metasurface constructed from a shunt PT-
symmetric circuit configuration. 




In order to have further understanding of the concept, we have performed 
full-wave electromagnetic simulations for an incident plane wave on the PT-
symmetric cloaking metasurfaces. Fig. 5.07 shows the setup configuration. 
 
 
Fig. 5.07. A PT-symmetric cloaked target with loss (blue) and gain (red) 
is been shown which is at a sufficient distance from the radar antenna 
such that the incoming wave can be considered as a plane wave.  
 




Fig. 5.08. Simulation setup for the full-wave electromagnetic simulation 
for the system shown in Fig. 5.07. 




The structure is excited by a plane wave, incident from the left on the loss 
metasurface connected in series with the lumped reactance and the gain 
metasurface. The magnitude of the loss resistance, reactance and the gain 
resistance is given as 
1 0R rZ   
2 0R rZ   
And 1 /X j C  or 1 /X j C  for a series capacitive or series inductive 
element respectively. 
The radar cross-section scattering is evaluated in the far-field domain and 
is an average value of scattered electric-field measured at various angles 
over 360 degrees. Similar procedures is to be followed for an excitation from 
the gain side with an appropriate capacitance or inductance value. The 
equivalent transmission line schematic has been shown in Fig. 5.5 Fig. 5.6 
for series and shunt configuration respectively. 
Fig. 5.09(a) shows that perfect invisibility is observed when the structure is 
illuminated from the loss side and the targets RCS is suppressed by a factor 
of 99.9% which approximates to -60 dB per unit length. The lossy 
metasurface resistors absorbs the incoming signal with zero reflection, 
whereas the gain metasurface transmits the incident signal with similar 
amplitude and phase on the output. 
Similarly, by illuminating the structure from the gain side and utilizing a 
series capacitance of 200 pF or series inductance of 1 pH, bidirectional 
performance of the metasurface cloak is observed. Similar results can be 
obtained by using shunt PT-symmetric circuit topology with a capacitance 
of 1 fF or an inductance of 200 nH. 






Fig. 5.09. (a) Time snapshot of the PT-symmetric metasurface showing 
that an illumination from the loss side exhibits perfect invisibility under 
ideal, loss-free conditions. (b) Time snapshot of the PT-Symmetric 
metasurface showing that the structure illumination from the gain side 
with an appropriate series or shunt reactance results in bidirectional 
invisibility. The RCS is an independent value with respect to time and is 
averaged for incident and scattered electric fields over 360 degrees. 
 
 
Inclusion of noise in any RF system not only degrades the performance but 
can also causes system instabilities and can render it internally or externally 
noise limited. A study in [17, 37, 82 ] found that thermal noise inclusions in 




a PT-symmetric system results in a weakly broken PT-symmetry hence 
degrading the cloaking performance and resulting in an increased RCS of 
the target. Since PT-symmetric systems utilize active and passive circuit 
elements that generate various noise types due to which the cloaking 
achieved by such a metasurface cannot be noise free.  
In section 5.1.1 we have discussed and visualized that a PT-symmetric cloak 
with balanced loss and gain metasurfaces can potentially achieve perfect 
unidirectional or bidirectional invisibility under ideal loss-free and noiseless 
conditions. The lossy metasurface fully absorbs the incoming signal by the 
concept of impedance matching and the gain surface emits the signal with 
similar amplitude and phase rendering the object undetected. The RCS of 
a cloaked target was found to be reduced by a factor of 99.9% to that of 
uncloaked target.  
We have presented equivalent noise circuit models of PT-symmetric systems 
and calculated the noise figure levels of series and shunt configurations in 
chapter 4. Here, we will utilize these results and benchmark the performance 
of a PT-symmetric cloak in realistic domains such as in the presence of 
noise.  A realistic PT-symmetric cloak cannot be implemented as noise free. 
This is because the cloaking metasurfaces are composed of non-ideal active 
and passive circuit elements, therefore the cloaking structure exhibits 
thermal, shot and flicker noise contributions. The research studies presented 
in this chapter only accounts for the thermal noise in the cloaking 
performance estimation because it is the most dominant noise source. For 
the gain metasurface noise calculations, we have chosen a tunnel diode 
because not only it exhibits the least amount of active circuit elements but 
also consumes very low power. 




The lossy part of metasurface is realized through passive resistive elements 
that are a source of added thermal noise. The noisy surface current density 
of the lossy metasurface can be written as a sum of noiseless surface current 
density and equivalent noise current density as 
 ( )loss noiseless n passiveJ J J   (5.5a) 
Similarly, the gain metasurface is realized through RTD which will have 
active noise and the surface current density of a noisy gain metasurface can 
be written as 
 ( )gain noiseless n activeJ J J   (5.5b) 
where ( )n passiveJ  and ( )n activeJ  are the noise current densities of loss and gain 
metasurface respectively. 
The equivalent noise current densities are calculated from thermal noise 
current which is given by [46] 
 2 4 /rmsi kTB R  (5.6) 
It is to be noted that Eq. (5.6) provides the root mean square (rms) noise 
current, and because the thermal noise current is random and exhibits a 
Gaussian distribution therefore instantaneous peak noise current would be 
within six times the rms value for more than 99% of the time. The noise 
current waveform in time-domain with its statistical distribution has been 
shown in Fig. 5.10. For the purpose of brevity, we have considered only the 
thermal noise sources in our calculations since it is the most dominant noise 
source present in the system. However, modelling of other noise sources such 
as shot noise and flicker noise requires further consideration and the noise 
figure is expected to increase with inclusion of such sources. 






Fig. 5.10. The thermal noise current has random Gaussian distribution 
with a range equal to peak noise current. The probability of finding the 
peak noise current at any instance of time would be 99% if it is six times 
of root mean square noise current. Therefore  6p rmsi i . 
 
















where l is the length of the individual metasurface and pi  is the peak noise 
current given by  6p rmsi i . 
 
Using results from section 4.2 and utilizing shunt configuration from 
schematic shown in Fig. 4.04, the noise figure of the cloaking metasurface 
was estimated to be 9.61 dB/Hz. Similarly, following a series configuration, 
the noise figure of the metasurface was estimated to be 3.31 dB/Hz. 
Fig. 5.11 shows a comparison of the simulated noise figure by following 
shunt and series PT-symmetric circuit configuration. 
 





Fig. 5.11. Noise figure for PT-symetric circuits in both shunt and series 
configurations. The negative resistor of -49.77 Ω originates through 
resonant tunnel diode of sample L939F with an internal resistance of 7 Ω 
at a biasing voltage of 2.65 volts at 1.5 GHz. 
 
Formulating the above results and including a noise figure of 3.31 dB per 
Hz of bandwidth, the RCS of the cloaked target was found to be at -30 
dB/m which is 30 dB higher as compared with an ideal and noise-free cloak. 
Fig. 5.12(c) and Fig. 5.12(f) show the cloaking performance of a cloak with 
3.31 dB of noise figure. Similarly, utilizing a shunt circuit configuration with 
a noise figure of 9.61 dB the performance of the metasurface cloak was found 
to be further degraded with RCS approximation of -10 dB/m. The effect 
has been shown in Fig. 5.12(d) and Fig. 5.12(f). A further increase in noise 
levels with a high noise figure of 20 dB, the cloaking performance is severely 
degraded and the RCS is further increased to 20 dB/m. 






Fig. 5.12. Time snapshot for; (a) An uncloaked target being detected by 
its RCS approximation and scattered field distribution. (b) A noise-free 
PT-symmetric metasurface cloak renders the target invisible by reducing 
its RCS to an extremely low value of -60 dB per unit length under ideal 
conditions. (c) Using a metasurface cloak with series PT-symmetric circuit 
topology exhibits a noise figure level of 3.31 dB, the RCS is increased to -
30 dB per unit length. (d) Using a metasurface cloak by following shunt 
circuit configuration the noise figure approximates to 9.7 dB with an RCS 
of -10 dB/m. (e) A noise figure level of 20 dB significantly degrades the 
cloaking performance to a level where the RCS estimation from an 
uncloaked and cloaked target are comparable. The RCS approximation is 
an time-independent value which is averaged for 360 degrees incident and 
scattered electric fields. 
 
Our research studies have explained that the cloaking achieved by such a 
noisy cloak is imperfect and it is evident that while a PT-symmetric cloak 




is be able to reduce the RCS of the target, a perfect invisibility is never 
achieved.  Further, the receiver sensitivity is also important because it will 
ultimately determine the minimum detection threshold. For instance, a 
receiver sensitivity may be low enough to a certain level where 9.6 dB of 
noise figure does not potentially causes detection. On the contrary, a 
receiver with high receive sensitivity may cause detection at same noise 
figure.  
The noise in PT-symmetric metasurface primarily originates through loss 
and gain resistors. Thermal noise from the passive lossy resistor is fixed 
however the gain resistor requires further attention. The noise originating 
through the gain resistor depends on the implementation technique such as 
by the means of operational amplifier, resonant tunnel diode (RTD) or a 
transistor based negative impedance converter. For the purpose of 
simplicity, we have considered the equivalent RTD noise model and thermal 
noise to calculate the overall noise figure of the metasurface in series and 
shunt design configurations. However, with the inclusion of other noise 
sources such as shot noise or flicker noise and complex NIC models with 
greater number of active and passive components, the noise figure is 
expected to increase. The noise analysis of NIC and non-Foster loaded 
metamaterials was studied in [83] where noise figure of an actively loaded 
loop was estimated. However, the noise figure can be significantly reduced 
by using careful circuit design considerations. For instance, by utilizing the 
series circuit topology, the noise figure can be greatly reduced in comparison 
with shunt circuit design configuration.  
 





The PT-symmetric systems explained in Fig. 3.01 and Fig. 3 in series and 
shunt domains showed that a capacitive or inductive impedance can yield 
broad range of output reflection magnitude at an electrical length of 
/ 2x n  where  n  is an odd integer multiplier. This is potentially 
favorable for the design applications of reconfigurable unidirectional cloaks 
or unidirectional transmission devices where the input port is perfectly 
matched with zero reflection and unity transmission towards port-2 with an 
output reflection coefficient defined by specific capacitance or inductance.  
However, it is noticeable that if an electrical line length is chosen such that 
x n  where 1,  2,  3...n   the scattering parameters for the series PT-
symmetric system shown in Fig. 3.01 are now given as 
























Similarly, the scattering parameters for the shunt PT-symmetric circuit are 





























Following Eqs. (5.8a)-(5.9b), it implies that each scattering parameter of 
the PT-symmetric circuits in series and shunt can be manipulated through 
the choice of an appropriate imaginary impedance through a capacitive or 
inductive element. The proposed PT-symmetric circuits in series and shunt 
can behave as an attenuator or a switch which are useful in applications in 
which signal transmission is required to be manipulated. 
For instance, with a small capacitance of 0.1 pF, the PT-symmetric system 
in series exhibits full reflection at input and output port with approximately 
zero transmission at a frequency of 1.5 GHz. The scattering matrix obtained 
with an electrical length of  x n  and a series capacitance of 0.1 pF or a 










Similarly, at a series capacitance of 20 pF or a series inductance of 0.56 nH, 
the PT-symmetric system shows near unity transmission to port-2 and zero 
input and output reflection magnitude showing an ON state. The scattering 









Similarly, by following a shunt PT-symmetric circuit design configuration 
and having a capacitance of 45 pF or an inductance of 0.23 nH the OFF 













For an ON state, the shunt capacitance and inductance are given as 0.1 pF 









A full-wave electromagnetic simulation using COMSOL Multiphysics 5.4 
validates the potential of the PT-symmetric circuits to behave as switching 
or an attenuating device. For instance, Fig. 5.13 shows the incident 
electromagnetic wave on the PT-symmetric system designed in shunt 
configuration showing a full-transmission to port-2 with zero input 
reflections. The positive, negative and imaginary impedances have been 
modelled as an ultrathin metasurfaces.  
 
 
Fig. 5.13. Time snapshot of the full-wave electromagnetic simulation in 
ON state. A capacitance of 0.01 pF the system experiences zero reflections 
at input and output ports and a unity transmission towards port-2. The 
red arrow shows the excitation direction whereas the black arrows 
represent the average power flow in the system towards port-2. 
 




On the contrary, Fig. 5.14 shows that at a selected capacitance of 20 pF, 
the system shows full reflection at port-1 with a transmission magnitude of 
0, therefore representing an OFF state. Since PT-symmetric systems are 
invariant under combined parity and time-reversal operations, the following 
energy conservation relationship is satisfied [84]. 




Fig. 5.14. Time snapshot of a full-wave electromagnetic simulation in OFF 
state. At a capacitance of 20 pF the system experiences unity input 
reflection and zero transmission towards port-2. The system has been 
configured using a shunt configuration however similar results can be 
obtained by following a series design or appropriate inductance range. 
 
 
The chapter first reviewed the performance of an ideal metasurface cloak 
based on loss and gain which is able to provide ideal unidirectional 
invisibility under loss and noise-free domains. The chapter then presents a 
reconfigurable cloaking model based on loss, gain and an imaginary 




impedance metasurface. The cloaking model can be configured to provide 
unidirectional or bidirectional invisibility, based on the choice of imaginary 
impedance, in series and shunt circuit design topology. The chapter further 
elaborates that an ideal cloaking performance is never achieved in the 
presence of dominant noise source such as thermal noise. For this purpose, 
the performance of a unidirectional cloak was simulated in the presence of 
various noise figure levels and RCS was calculated and compared with ideal 
noise-free scenario.  
Further studies showed that the electrical line length plays a crucial role in 
PT-symmetric application design. For instance, an electrical length of / 2n
where n  is an odd multiplier, the output reflection coefficient magnitude of 
the PT-symmetric circuit is defined by the imaginary capacitive or inductive 
impedance. The application is particularly useful for unidirectional or 
bidirectional cloaking purposes where output reflection is required to be 
maintained.  
Similarly, at an electrical length of n  where n  is an integer multiplier, 
both the reflection and transmission properties of PT-symmetric system can 
be manipulated through the capacitive or inductive impedances. This is 
particularly useful for applications that require switching, filtering or 
attenuation. The aforementioned studies have been verified analytically and 
the transmission and reflection behavior is visualized by a full-wave circuit 
simulation models in both series and shunt configurations. Further, we have 
shown that the PT-symmetric systems are prone to high noise figure levels 
however careful design techniques can reduce the noise figure with some 
application limitations. For instance, a unidirectional cloak in shunt circuit 
configuration has higher noise figure as compared to series variant. Finally, 
we have performed noise modeling of the cloaking metasurface and discussed 




the performance of a noisy PT-symmetric cloak and concluded that the 
noise degrades the cloaking performance and effectively increases the 
scattering cross-section of the cloaked object and in such circumstances 
where noise figure is sufficiently high, the system may get internally noise 
limited. 
 Estimated the performance of an ideal metasurface cloak based 
on loss and gain which is able to provide ideal unidirectional 
invisibility under loss and noise-free domains. 
 Presented an ideal reconfigurable cloaking model with 
bidirectional cloaking properties and investigated its 
performance in terms of radar cross-section under loss and noise-
free domains. 
 Proposed the equivalent noise model of the metasurface cloak 
and estimated the performance of a noisy cloak under realistic 
domains with various noise figure levels, and estimated the radar 
cross-section in each case. Also described the minimum receiver’s 
threshold that may cause detection of the cloaked target in the 
presence of noise. 
 Proposed an electromagnetic switch with high isolation, based on 









Practical and stable negative impedance converter is the key requirement 
in the realisation of a practical PT-symmetric system. A negative impedance 
may originate through the BJTs or operational amplifiers which incorporate 
a feedback loop hence stability can be a potential constraint. Another way 
to realise negative impedance with least number of active elements, is 
through a tunnel diode. By keeping a specified forward biasing voltage, the 
tunnel diode can be driven within the negative differential region to provide 
a negative resistance. 
Since the primary purpose of this research study is to have clear 
understanding of the practical PT-symmetric systems operating at 
microwave frequency ranges and the associated noise performance, the 
tunnel diode and operational-amplifier based NIC techniques are most 
suitable. The primary reason for this choice is that a resonant tunnel diode 
is capable of operating at frequency ranges of up to several GHz while 
sustaining stability and utilising very low power. This choice enables to 
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develop an experimental figure of merit in terms of achieving minimum 
possible noise figure in PT-symmetric systems due to low thermal and shot 
noise contributions. Similarly, modern operational amplifiers are capable of 
maintaining fixed gain at wide microwave frequency ranges, therefore 
practical design of a wide band PT-symmetric system may be possible [85]. 
In this section, we have outlined the ongoing research efforts and practical 
experimentation to realise a functional gain element to be incorporated in 
a PT-symmetric system operating at microwave frequency ranges. 
 
 
The working principle of a tunnel diode has been previously discussed in 
section 2.2.9(c). The current (I) and voltage (V) relationship of the tunnel 
diode otherwise known as I-V characteristics, is an important first step that 
can be further explored for the magnitude and stability of the negative 
impedance. An equivalent circuit model of a tunnel diode has been shown 
in Fig. 6.01. For this purpose, we have used General Electric’s TD261A 
tunnel diode which exhibits a series resistance  7 sR   , series inductance
1.5 nHsL  , shunt capacitance  0.65 pFdC   and a pure negative 
resistance  dR  which is dependent on the biasing conditions. 
 
Fig. 6.01. An equivalent circuit model of a tunnel diode with parasitics 
and a pure negative resistance provided by the diode itself in the negative 
differential region. 
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We can follow from Fig. 6.01 that the negative resistance is an internal 
parameter of the tunnel diode and therefore it is not possible to have a 
direct measurement of its magnitude. For this purpose, an accurate and 
precise DC characteristic relationship between voltage and current must be 
measured. For this purpose we have used Keysight B2912A high precision 
source measurement unit (SMU) which is capable to source as well as 
measure current and voltages with a precision accuracy of 10 fA and 100 
nV respectively [86]. The measurement setup block diagram has been shown 
in Fig. 6.02. 
 
 
Fig. 6.02. Tunnel diode IV characteristics measurement setup using 
Keysight B2912A commanded through MATLAB. The diode bias voltage 
is precisely swept and the current measurement is recorded. The input 
and output RF ports have been terminated to 50 Ω. 
The B2912A can be configured to take automated measurements through 
MATLAB equipment automation and control toolbox and control script 
through National Instruments GPIB interface to obtain voltage-current 
relationship of the tunnel diode. The tunnel diode is connected through a 
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bias-tee and the RF input and output ports are terminated to 50 Ohms. 
The DC voltage is then swept in small iterations to obtain the voltage 
derivate with respect to the current to achieve the biasing point at the 
resistance of -50 Ohms.  
The biasing voltage is swept within an operating range of the tunnel diode 
i.e. between 0 0.6  volts and by recording the current across the diode, the 
negative resistance region is determined with an accuracy of up to 100 nV. 
Fig. 6.03 shows the actual photograph of the measurement setup for tunnel 
diode DC characteristics. 
 
 
Fig. 6.03. Photograph of the actual measurement setup for DC 
characteristics of the tunnel diode by using Keysight B2912A and 
MATLAB. 
 
When the diode is forward biased, the forward current through it increases 
as the biasing voltage is increased until the peak current is reached to a 
value of 5.22 mA at a biasing voltage of 0.08 mV. By further increasing the 
biasing voltage the forward current decreases rapidly and the negative 
differential region is observed. By calculating the slope at a specific voltage-
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current point, negative resistance can be calculated. The diode provides a 
negative resistance of 50.1 Ω at a biasing voltage of 0.191 mV which is very 
close to reach the exceptional point of 1r   as discussed in the section 3 
and 3.2 for series and shunt PT-symmetric system implementation. The 
measured DC curve for the tunnel diode has been shown in Fig. 6.04. 
 
 
Fig. 6.04. The measured voltage-current curve of the diode. The diode 
provides a negative resistance of -50.1 Ω at a biasing voltage of 0.191 mV. 
 
 
Another way of realizing negative impedance is through the current 
inversion technique by using low cost, off-the-shelf operational amplifiers. 
The working principle of the operational amplifiers based negative 
impedance converters have been discussed in detail in section 2.2.9(b). The 
Texas Instruments THS4303 is a wide-band operational amplifier exhibiting 
fixed gain with low noise at an operating frequency range of up to 10 GHz 
[85]. The schematic diagram and pin configuration of the aforementioned 
op-amp has been shown in Fig. 6.05. 
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Fig. 6.05. Schematic diagram for Texas Instruments THS4303 wideband 
operational amplifier. 
The PT-symmetric circuit in shunt shown in Fig. 3.07 has a grounded 1-
port negative resistor. The equivalent configuration for a grounded negative 
resistor using the aforementioned op-amp has been shown in Fig. 6.06. 
 
Fig. 6.06. One-port grounded negative resistance using THS4303 
operational amplifier. This op-amp based design is suitable for PT-
symmetric circuits designed in shunt configurations. 
An external feedback network is added such that impedance of -50 Ω is 
realised at the frequency of 1.5 GHz, whereas the series inductor is included 
in the system to cancel the imaginary part of the input impedance provided 
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by the op-amp such that the magnitude of the negative impedance is purely 
real. The input impedance of a one-port grounded negative impedance 
converter by using THS4303 can be simulated from the measured data by 
using a commercial microwave circuit simulator such as Keysight ADS. The 
simulation setup has been shown in Fig. 6.07 with the input impedance plot 
being shown in Fig. 6.08. The operational amplifier provides a resistance of 
approximately -50 Ω at matching frequency of 1.5 GHz. 
 
 
Fig. 6.07. Simulation setup of a one-port grounded negative resistor using 
Texas Instruments THS4303 operational amplifier. 
 
 
Fig. 6.08. Input impedance of the one-port grounded negative resistance 
using THS4303 operational amplifier. 
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Similarly, the design of a floating two-port negative resistor is obtained by 
cross-coupling the operational amplifiers inverting inputs. Fig. 6.09 shows 
the schematic diagram of a floating two-port negative resistor. 
 
 
Fig. 6.09. Schematic of a floating two-port negative impedance converter 
circuit using two cross-coupled THS4303 operational amplifiers. The 
inductors at the two terminals are responsible to negate the imaginary 
part of the input impedance given by the NIC. 
 
The two-port floating negative resistor design is well-suited for the PT-
symmetric systems designed in series configurations because it satisfies the 





   
     
   
 (6.1) 
The two-port floating negative resistor based on operational-amplifier was 
simulated using Keysight ADS. The schematic setup of the aforementioned 
NIC design simulation using the THS4303 operational amplifier has been 
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shown in Fig. 6.10. The two inductors at the input and output terminals 
negate the imaginary part of the NIC to effectively provide a real negative 
impedance across the floating terminals between port-1 and port-2 at 
broadband microwave frequency ranges. The impedance provided by the 
floating NIC design has been shown in Fig. 6.11. 
 
 
Fig. 6.10. Simulation setup of the two-port floating negative impedance 
converter using cross-coupled Texas Instruments THS4303.  
 
 
Fig. 6.11. Simulated results for the two-port floating negative resistance 
using THS4303. 
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The design of gain element to implement realistic PT-symmetric circuits 
have been discussed in the previous section. The negative resistance may 
originate through the tunnel diode or the operational amplifier. Further, we 
discussed the ideal design of PT-symmetric circuit in series and shunt 
configurations at the exceptional point. We also estimated the noise figure 
of PT-symmetric system in chapter 3 and discussed the performance 
degradation at various noise levels. In this section, we will discuss another 
factor that can potentially degrade the PT-symmetric performance. 
Although a practical and stable negative impedance converter is able to 
provide negative resistance at the particular frequency of interest, the 
magnitude of the negative resistor will not be able to exactly meet the 
following condition given by Eq. (6.2) at the exceptional point and will 




/r R Z   (6.2) 
The fluctuations in the magnitude of the gain resistor will cause the 
exceptional point of the PT-symmetric system to shift from its ideal 
location. This unwanted shift will degrade the PT-symmetric system 
performance depending on the uncertainty in the magnitude of the gain 






     (6.3) 
where R  is the gain resistor, 0Z  is the characteristic line impedance and 
  is the uncertainty in the magnitude of the gain resistor. 
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Considering the scattering parameters of the series PT-symmetric circuit 
designed in series and shunt configurations, given by Eqs. (3.6a)-(3.6c) and 
Eqs. (3.9a)-(3.9c), we can estimate the performance degradation in terms of 
fluctuating reflection and transmission coefficient in percentage expressed 
as a function of   which represents the uncertainty in the magnitude of the 
gain resistor. 
For instance, a PT-symmetric system with zero gain resistor uncertainty, 
designed in series or shunt configuration with a capacitance of 4.45 pF and 








However, with a gain resistor magnitude uncertainty, the reflection and 
transmission coefficients will increase or decrease depending on the design 
configuration as shown in Fig. 6.12.  
 
 
Fig. 6.12. Effect of an uncertain magnitude of the gain resistor on the 
performance of a PT-symmetric system. 
Chapter 6. Gain Implementation in PT-Symmetric Circuits and Potential 




Fig. 6.12(a) shows that with an increase or decrease in the magnitude of 
gain resistor, the reflection coefficient at the input port increases showing 
an impedance mismatch at the input port. The change is more noticeable 
for the PT-symmetric systems designed in series configuration which further 
concludes the robustness of the shunt design configuration.  
Similarly, Fig. 6.12(b), Fig. 6.12(c) and Fig. 6.12(d) show the performance 
degradation of the forward transmission coefficient, reverse transmission 
coefficient and the output reflection coefficient respectively as the 
magnitude of gain resistor varies. The primary cause of this behaviour is 
the relocation of the exceptional point due to the imbalance of the loss and 
gain in the system. The results also conclude that the uncertainty in the 
magnitude of the negative resistance can cause weakly broken PT-symmetry 
resulting in system performance degradation. 
 
 
We have discussed the realisation of negative resistance to be utilised as a 
time-reversed gain element in PT-symmetry through a NIC. PT-symmetric 
devices rely on purely real negative resistance to functional at exceptional 
points. However, NIC is also able to provide a negative imaginary 
impedances such as L  or C  that can be realised for interesting 
applications in communication and microwave electronics. 
For instance, electrically small antennas are attractive solutions to the 
problem of space limitation but due to high reactance and fundamental 
gain-bandwidth limitations, they possess poor gain, low bandwidth and 
limited efficiency performance. Additionally, Fundamental limitations place 
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a maximum cap on passive matching bandwidths of small antenna [87–92]. 
Conventional matching techniques negate the reactance of ESAs only over 
a limited bandwidth by deploying inductors or capacitors, also known as 
Foster elements with positive reactance with increasing frequency [93]. 
However, non-Foster components such as negative inductors and capacitors, 
implemented through NIC are capable of cancelling the ESA reactance over 
broadband frequency ranges resulting in smaller antenna dimensions. A 
comparison between conventional and NIC based matching techniques for 
an electrically small antenna is shown in Fig. 6.13. 
 
 
Fig. 6.13. Antenna impedance matching: a) conventional matching with 
an inductive reactance to cancel out a capacitive antenna at a single 
frequency; b) non-Foster element, -C to negate the capacitive reactance 
over a wider frequency range. 
 
Fig. 6.13(a) shows that by using conventional antenna matching technique, 
the reactance of a small antenna is negated by an inductor at a single 
frequency. This is because the reactance of a conventional inductor is 
Chapter 6. Gain Implementation in PT-Symmetric Circuits and Potential 




frequency dependent property and as the frequency deviates from its 
original matching frequency, the matching quality or return loss degrades. 
This fundamental constraint limits the matching bandwidth of electrically 
small antennas [87-92]. 
Fig. 6.13(b) shows that a negative capacitance generated through a NIC is 
able to cancel the capacitive reactance of an electrically small antenna over 
wider frequencies ranges. Effectively, the fundamental bandwidth limitation 
has been overcome by the NIC resulting in a broad band electrically small 




An important application that has received much attention is angle-of-
arrival (AOA) or direction-of-arrival (DOA) estimation and radio 
localization of small autonomous systems such as UAVs and aerial vehicles 
where physical space is limited and high precision is required. The precision 
of such devices is dependent on various factors such as number of antenna 
elements, signal-to-noise ratio and signal processing algorithms. Fig. 6.14 
shows a general setup for a direction-finding system.  
 
Fig. 6.14. A general setup for a direction-finding system. 
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We describe and propose an approach that combines the non-Foster 
matched broadband ESA techniques to achieve accurate theoretical 
localization and navigation of small radio platforms. In comparison with 
passive matching systems, non-Foster matching techniques for ESA arrays 
can provide advantages such as smaller size and wider bandwidth for radio 




The Cramer-Rao lower bound (CRLB) is an important metric which 
provides the lower threshold of achievable theoretical accuracy of a 
direction-finding system [94–95]. Assuming a uniform circular antenna array 
geometry with N number of receiving elements for an AOA case, the 
relationship between minimum bearing variance   and signal-to-noise ratio 
(SNR) can be derived through the Cramer-Rao relationship as [94–95] 
 2
2













Here,   is the wavelength, K is the number of measurements taken, D is 
the diameter of the antenna array and   is the elevation angle of the array 
element which is zero for a uniformly place antenna elements.   
This important result concludes that given a constant physical space, 
greater number of antenna elements can be deployed with non-Foster 
matching networks such that the required SNR can be kept to minimum 
while maintaining the bearing angle estimates. Fig. 6.15 shows the required 
input SNR and the number of array elements necessary for bearing angle 
fluctuations of 2  and 0.5respectively. 
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Fig. 6.15. Required SNR for N Electrically small antenna elements and 
specific angle precision σ; showing that for a specific array size D/λ, a 
dense array with more elements will require a lower SNR. 
 
This important result concludes that given a constant physical space, 
greater number of antenna elements can be deployed with non-Foster 
matching networks such that the required SNR and bearing angle estimates 
can be kept to a minimum.  
 
 
Non-Foster antenna matching techniques are also favourable in terms of 
ESA bandwidth enhancement, which is suitable in wideband localization as 
increased bandwidth is not only beneficial in terms of greater signal 
reliability, but also because it may contain more frequency components thus 
providing a better ranging estimate. The Cramer-Rao bound gives a lower 
bound on the estimation of the time delay under ideal conditions, which can 
be expressed in terms of Signal-to-Noise ratio and bandwidth to give ranging 











  (6.5) 
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where B is the signal bandwidth. The expression can further be modified to 
give a lower bound variance on distance accuracy of a direction finding 











  (6.6) 
Above expression shows that increased bandwidth yields a lower error in 
distance estimation which results in an increased precision in the ranging 
systems. For instance, a theoretical ranging error variance of a few 
centimetres is achievable for large bandwidths which are given through ESA 
elements. We assume here that the SNR is sufficiently high such that the 
Cramer-Rao bound remains valid. For lower SNR cases, other performance 
bounds such as Ziv-Zakai lower bound are more applicable [96]. 
 
 
Fig. 6.16. Cramer-Rao lower bound for range estimation with various 
bandwidths 
In a limited physical space, only specific numbers of passive array elements 
can be employed which results in fundamental bandwidth restriction. Non-
Foster networks for ESAs yield wider bandwidth that favours high 
direction-finding accuracy for airborne or UAV applications with AOA and 
TOA direction-finding algorithms. Fig. 6.17 provides a visual comparison 
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between conventional antenna array with passive matching and electrically 
small antenna array, matched using non-Foster elements, offering 
improvement in terms of greater array elements and bandwidth. 
 
 
Fig. 6.17. ESA arrays in a constant physical space with (a) N=3 passive 
elements with fundamental size limit and; (b) N=5 non-Foster elements, 
which for the same bandwidth, can be smaller in size. 
 
 
This chapter presented and discussed the ongoing simulation and 
experimental efforts to practically realise a functional gain element at 
microwave frequency ranges. The experimental setup using a tunnel diode 
and Keysight high precision SMU was performed to precisely record the DC 
characteristics of the diode. Further, the design of a grounded one-port 
negative resistor was shown by using Texas Instruments THS4303 
operational amplifier. The one-port grounded NIC design is suitable for the 
PT-symmetric circuits designed in shunt configurations. Further, the design 
of a floating two-port negative resistor was also shown by using two cross-
coupled operational amplifiers. The grounded one-port and floating two-
port negative impedance was simulated through the measured data to 
provide a wide band negative resistance across microwave frequency range. 
Finally, the chapter discussed that the magnitude of a negative resistance 
provided by NIC is prone to uncertainties which can break the loss-gain 
balance in the PT-symmetric system. For this purpose, sensitivity analysis 
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of the gain resistor was performed which concluded that the uncertainty in 
the magnitude of the gain resistor results in a weakly broken PT-symmetry 
resulting in system performance degradation.  
In addition, the chapter discussed that the real part of the negative 
impedance is favourable for designing gain element in PT-symmetric 
applications, whereas the imaginary part can be utilised to cancel the 
reactance of small antennas. For instance, electrically small antenna 
array design is possible through NIC impedance matching techniques. 
Potential applications of such arrays are direction-finding and 
navigation of small platforms where space limitation is a severe 
constraint. 
 Presented the techniques to realise and implement gain element 
in PT-symmetry. Also described a highly accurate measurement 
setup with a precision of 100 nV to define the IV characteristics 
of a tunnel diode which can be incorporated as a gain element in 
PT-symmetric applications. 
 Presented the design of a grounded, one-port negative impedance 
converter design at 1.5 GHz using an operational amplifier that 
is well suited for PT-symmetric circuits designed in shunt 
configurations.  
 Presented the design of a floating, two-port negative impedance 
converter design at broadband microwave frequency ranges with 
a center frequency of 1.5 GHz. The NIC design is well suited for 








Parity-time (PT) symmetric systems are composed of balanced distributions 
of loss and gain which have been studied to propose exotic electromagnetic 
wave-manipulation and scattering. These include non-linear wave 
propagation, negative refraction, cloaking and invisibility, acoustic isolators, 
acoustic circulators, sensors and more. In RF and microwave electronics, 
loss originates through a conventional positive resistor whereas the gain is 
realized as a negative resistor which is artificially engineered through 
negative impedance converters (NIC) designed using BJT, op-amp and 
tunnel diodes. The design of a stable NIC at microwave frequency ranges is 
itself a provocative task to achieve. In order to design and transition the 
theoretical knowledge into functional PT-symmetric devices, significant 
level of control and stability is required over the loss and gain elements. 
The primary bottlenecks in designing and implementing PT-symmetric 
devices at microwave frequency ranges are noise and instability which can 
break the balance of loss and gain eventually causing a fluctuation in the 
location of exceptional points. Although stability is potentially achievable 
through careful system design, thermal noise is a fundamental property of 
systems exhibiting loss and gain and hence cannot be avoided. Therefore 
noise characterisation and the performance study of PT-symmetric systems 
in realistic scenarios is crucial prior to any design considerations. 
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The work presented in this thesis investigates the design of PT-symmetric 
systems and proposes a convenient technique to manipulate the associated 
reflection and transmission behavior.  The analytical, simulated and 
measurement studies of PT-symmetric systems in terms of their design 
configurations, noise figure and signal-to-noise (SNR) ratio is presented. 
Chapter 1 provided an overview and motivation that compelled to the 
choice of the topic and studies presented in the thesis. It also presented and 
highlighted the novel contributions which relate the noise performance of 
PT-symmetric applications to PT-symmetry in microwave electronics. The 
second chapter presented the underlying theoretical and physical concepts 
that underlay the foundation of the research work performed in this thesis. 
It described the fundamentals of parity (P), time-reversal (T) and combined 
parity-time (PT) postulates in RF electronics. 
The design of two-port, ideal PT-symmetric systems using lumped elements 
in series and shunt configurations was presented in chapter 3. It was shown 
that an imaginary impedance combining loss and gain enables the 
manipulation of the output reflection coefficient at the exceptional point 
where the loss and gain are exactly balanced. At this point the system 
exhibits unidirectional properties at an electrical length of  / 2x n , 
where the magnitude of the input reflection coefficient ( 11S ) is zero whereas 
the forward ( 21S ) and reverse ( 12S ) transmission coefficients are unity due 
to reciprocity. However, the output reflection coefficient ( 22S ) magnitude is 
defined by the choice of imaginary impedance in the PT-symmetric system 
which may originate through an inductive and capacitive element in the 
system. The studies showed the scattering notation of a PT-symmetric in 
series and shunt configurations and then presented the scattering properties 
as a function of electrical length and capacitive or inductive impedances.  
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Chapter 4 presented the noise characterisation equivalent noise models of 
the PT-symmetric systems in series and shunt configurations. Since PT-
symmetric systems are implemented as loss and gain resistors in microwave 
electronic systems, the most dominant noise source originate through the 
loss (passive) and gain (active) elements. The lossy passive resistor is a 
source of thermal noise modelled as a noiseless resistor with equivalent 
voltage noise source whereas the gain resistor was realized through a tunnel 
diode. The choice of a tunnel diode in the realisation of a negative resistor 
was because it consumes very low power and exhibits least number of active 
elements that favor stability and minimum overall noise figure. The chapter 
presented the equivalent noise models of the PT-symmetric systems 
described in Chapter 3, and compared the analytical and simulated noise 
figure in each aforementioned circuit design at 1.5 GHz. 
Chapter 5 reviewed and discussed an ideal unidirectional PT-symmetric 
cloak with balanced loss and gain under ideal, loss and noise-free conditions 
to realize perfect unidirectional invisibility from the loss side. Following the 
results from chapter 3, the chapter proposed a bidirectional metasurface 
cloak where the input and output reflection coefficient from loss and gain 
side incidence are vanished, allowing unitary transmission and structural 
transparency. The proposed cloaking model provides unidirectional and 
bidirectional cloaking depending on the capacitive or inductive impedances.. 
The chapter then evaluated the performance of the proposed PT-symmetric 
cloak in series and shunt design configurations and computed the radar 
cross-section (RCS) of a cloaked target in the presence of various noise 
figure levels. The chapter formulated that the cloaking circuit model in 
series design configuration offers a reduced noise figure in comparison with 
shunt topology. The chapter finally discussed the design of an 
electromagnetic switch based on PT-symmetry, where the transmission and 
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reflection can be manipulated through the choice of capacitive and inductive 
impedance. The studies performed and presented in this chapter were 
validated using analytical techniques whereas circuit level and full-wave 
electromagnetic simulations were carried out using commercially available 
software simulation packages.  
Chapter 6 showed the experimental and simulation techniques to realise a 
negative impedance converter at microwave frequencies. The negative 
impedance can originate through a tunnel diode or an operational amplifier 
at microwave frequency ranges. For this purpose, the experimental setup to 
measure current-voltage relationship of the tunnel diode has been described 
using high precision source measurement unit (SMU) with an accuracy of 
100 nV. The SMU was configured through National Instruments GPIB 
interface using MATLAB equipment control toolbox. The DC biasing 
voltage across the diode was then swept and the current across the diode 
was recorded. By computing the derivative of the voltage with respect to 
the current, the negative differential biasing region is determined. The diode 
showed a purely negative resistance of -50 Ω at a biasing voltage of 0.191 
mV which is well suited for PT-symmetric circuit design in series and shunt 
configurations. 
The chapter also discussed the design of a negative impedance converter 
through an operational amplifier. The design of a grounded one-port NIC 
was demonstrated through simulation techniques and measured data of 
Texas Instruments THS4303 wideband, fixed gain operational amplifier. 
The aforementioned one-port design was configured in a negative feedback 
loop to provide a purely negative resistance of -50 Ω which is favorable for 
the PT-symmetric circuits designed in shunt configurations. 
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Similarly, the design of a floating two-port negative resistor was 
demonstrated by using two cross-coupled THS4303 operational amplifiers 
to provide a flat negative resistance of -50 Ω at broad range of microwave 
frequencies. In addition, the chapter discussed that uncertainty in the 
magnitude of negative resistance provided by NIC may break the loss-gain 
balance in the PT-symmetric system. Finally, the chapter discussed 
additional applications of a negative impedance converters such as 




PT-symmetry in electromagnetics and RF electronics is relatively young 
research concept. Despite its origination in quantum mechanics in 1998, the 
research has been widely spread to optics, optical waveguides, sensors, 
medical applications and electronics leading to exciting engineering 
applications. Specifically in RF and microwave electronics, the concept is 
still evolving in terms of practical applications. Although, researchers have 
proposed theoretical studies of PT-symmetric applications such as 
invisibility cloaks and sensors at low frequency ranges, practical 
implementation at radio frequency ranges is much challenging task to 
accomplish. This is primarily due to high losses, NIC design, stability and 
increase noise figure levels. 
The purpose of the studies presented in this thesis was to pave the way in 
terms of practical implementation and the performance of PT-symmetric 
devices operating at microwave frequency ranges.  Practical implementation 
of functional PT-symmetric devices such as wide-band invisibility cloaks 
requires further modelling and research experimentations, all of which is 
beyond the scope of this thesis. The studies presented in this research thesis 
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provides an insight to the challenges and constraints in implementing PT-
symmetric applications and the performance levels under realistic 
environment such as in the presence of noise and system uncertainties.   
However, further work in the subject of PT-symmetry at microwave 
electronics has sufficient potential that could lead to further applications 
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